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FOREWORD

This report is submitted to the National Aeronautics and
Space Administration, George C. Marshall Space Flight Center, Huntsville,
Alabama in partial fulfillment of the requirements under Contract No.
NAS8-24438. The principal technical objectives under this contract
involved the study of space vehicle plume rise and the development of
diffusion models for normal and abnormal operations in the 5 to 30 km
region of the atmosphere for launches conducted at the Kennedy Space
Flight Center.

The films and meteorological data used in the analysis of
clouds generated by static firings and the vehicle trajectory data used
in generating the inputs for the trial case of the diffusion model were
supplied by the following: Mr. Charles K. Hill, the Contracting Officer's
Representative, Mr. John W. Kaufman, the alternate Contracting Officer's
Representative of the Atmospheric Dynamics Branch of the Aero- Astro-
Dynamics Laboratory, and Mr. William W. Vaughan, Chief of the Aerospace

Environment Division at the George C. Marshall Space Flight Center.
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1.0 _ [HTRODUCTION

1this report presents the results of a study by “EOMET, Incorpo-
rated, for the George C. Marshall Space Flight Center (MSFC) during the
period 1 June 1969 through 31 May 1970, in compliance with Contract
NAS3-24438 entitled, "Exhaust Cloud Growth and Debris Fallout Phenomena.”

The work was carried out in the form of two separate and inde-
pendent tasks as indicated in the contract title; the first task (described
in Section 2.0} involved the analysis of films of the exhaust clouds from
static rocket engine test firings at MSFC and the use of these data in
theoretical and statistical investigations to study the »ise and growth
of such clouds. The second task (described in Section 3.0) consisted of
the development of a predictive model to describe the diffusion and fall-
out of debris from rocket engine exhausts in launches from the Kennedy
Space Flight Center (KSC) launch area. The background and objectives
for each of these two major tasks are discussed in their respective

sections (2.0 and 3.0).
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2.0 TASK I - EXHAUST CLOUD RISE AND GROWTH

Most of the recent rescarch programs dealing with air pollution
place their emphasis on the time variation of air pollution because of the
increasing amounts of foreign materials being introduced into the air from
such sources as automobiles, factories, open fires, explos .ns, etc. While
investigations have been conducted on the nature of buoyant clouds, most
of this research is based on either smail-scale or large-scale clouds as
generated from smake stacks or atomic explosions. Of considerable interest
to NASA's vehicle prcgram, is the type of clouds generated by large space
vehic'e engines. The information requireu is, for example, how fast do
such cicuas rise? what is their volumetric growth rate? what is the riaxi-
mum height to which they ascend until they become environmentally stabile?
and where and how is the cloud transported and diffused until the particu-
lates set*le to the surface?

NASA is concerned with this probl-:. because of results from
investigations of solid ana Vijuid propellant,. It i3 :npow~ that expra..ti:
from ~ure. tyves of fuel: cer be punaent to sme’? or <omoynpei toxic iF

inhai-.d. Use of sucr “u2' . would require ~-s5.: . onirarsi'r of atmospreri-

-

conaition: and the vtil zatien of atmaspher’ | o Fou-i™ warressi

dete: "ine tie expected transport, dispersior, and depasition of such fuel

by-products. Past work done by NASA on the :raiden -9 g preric diféa-
sion, wniie limited, has resulted in contriouticon. mag: :. the variou:

NASA centers (in-house and by cont“actual efforts).
The objective of this task is to study the vehicle engine exhaust
cloud rise and growth rate phenomena. Information is also desired on the

maximum height to which these clouds rise before they become environmentally

an

e —— — - - v— —— —— — —— g - - s e
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stable. Movie films of static vehicle engine tests conducted at MSFC were
made available for extraction of data, plus photographs of vehicle exhausts
taken during launches. Local atmospheric data were made available as
observed during the static firings; however, synoptic weather phenomena
were also available to be related to cloud rise and growth behavior during
the periods in question.

The following sections describe the treatment of the film data,

including the development of the theory and statistical analysis of the data.

2.1 Analyses of Film Records of Static Firings of Rocket Engines

A major part of the contract entitled "Exhaust Cloud Growth and
Debris Fallout Phenomena" is corcerned with the analyses of MSFC film data.
The following discussion will trace the development of these data from
receipt of all films from MSFC to their ultimate preparation for use in
theoretical model validation (Section 2.2) and statistical interpretation
(Section 2.3). The discussion is divided into the following phases:

¢ reasons for selection or rejection of cases and synopsis
of the method used to reduce the raw data (2.1.1);

e statistical comparisons of independent readings of the
data (2.1.2); and

e synropsis and verification of the atmospheric drift correc-
tion technique (2.1.3).

The films studied represent twenty cases from some forty records
originally provided by MSFC of static firings during 1964 and 196%. #An
early screening process focused attention on the twenty cases described
in the following sections. These were single camera records -taken from a
distance of about 4000 meters from the static firing test stand and accom-

panied by meteorological and engine data records.
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2.1.1 Reasons for Selection or Rejection of Each Case

O0f the forty cases of MFSC Film Data originally sent to GEOMET,
Incorporated, as a basis for an empirical approach to cloud rise prediction
and to give meaningful input parameters for a theoretical model, as well
as statistical analyses, twenty were selected for detailed study. From
these, ten cases were ultimately selected for analysis. The ten that were
not selected were eliminated for one or more of the following reasons: the
film record began after the initiation of firing; there was no reference
point in the film for measurement purposes; no data on the engine firing
were available; and the film record was too short. Table 2-1 lists all
available cases with the reasons for the selection or rejection of each.

After selection of the useful cases, the data were processed.
Since it was evident that the MSFC film data provided a keystone upon which
the empirical approach to cloud rise prediction would depend, the following
steps were taken to ensure its accuracy:

¢ a Vanguard Motion Analyzer was used to increase the accuracy
in the readings of the film;

¢ two independent readings were taken of each case;

e statistical techniques were used to test each set of film
readings for errors (2.1.2); and

e wind data and information on the "jet phase" (see 2.1.3) were
used to develop correction procedures.

The film analyses consisted of measuring sequenced frames using
the Vanguard Motion Analyzer. The cloud picture was divided into six hori-
zontal segments consisting of a triangle at both the top and the bottom
and four trapezoids in between (see Fig. 2-1). From this, there was avail-
able from each frame a total of twelve points with coordinates (X,Z). The
records of the location of the points were punched on IBM cards and

converted to the metric system.
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Table 2-1 Summary of available films with quality and reasons for
acceptance or rejection

Case Quality 'Accept or Reject?
TWFO50 | No reference point at start, camera position reject
doubtful. Time tx is not identifiec

SIC06 | Good reference and data accept
SIC04 | No reference point at start reject
SA26 No reference point at start reject
TWF032 | Record begins after t reject
hNFO33 Good reference and data accept
SICO5 |aGood reference and data accept
TWF052 | No reference point at start reject
TWF023 | Record begins after to’ too brief to be of use reject
TWF025 | Record begins after to’ too brief to be of use reject
TWF026 | Good reference and data accept
TWF027 | Good reference and data accept
TWF028 | Film of very poor quality, record begins after to reject
TWF031 | Good reference and data accept
SA25 Record begins after to’ too brief to be of use reject
TWF057 | Camera position doubtful reject
TWFO56 |Good reference and data accept
TWF037 | Good reference and data accept
TWFO34 : Good reference and data accept
'No. 23 | Good reference and data l accept
i*Time when a test firing first commences.

[

To convert the data, a reference height for each case was estab-
lished. That reference was taken as the height of a tower that was in the
plane of the launch. Figure 2-1 is a schematic diagram of the cloud after
firing and the method of measurement. The time when firing commenced was des-

ignated as t,- At that time, coordinates were taken of the initial firing point
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L = Distance in Meters From Camera Position
- 4 to Firing Point.

Figure 2-1 The cloud after firing showing the method of measurement
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together with the tower coordinates. For selected times thereafter,
coordinates of all points on the cloud shown in Fig. 2-1 were recorded in
terms of frame number for conversion of time and inches on the viewing
screcn for conversion of distance. The measured coordinates were converted
to the real dimensions in the metric system using the following relationships:

Vertical Coordinate:

L, - 12
z (meters) = A P xh (2-1)
A
Horizontal Coordinate:
XA"XF
X (meters) = “g—xH . (2-2)
A

The frame number was converted to time in records using the fact that 24

frames per second were recorded. That relationship is:
t (seconds) = (N - N.)/24 (2-3)

where

frame number

initial frame number at time t°

actual height of tower, CD, meters

== X = =
"

A height of tower, CD, as measured by the analyzer, inches

XA = coordinate of X as measured by the analyzer, inches
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F coordinate of the initial firing point (X) as measurcd by

the analyzer, inches

N
L]

A coordinate of Z as measured by the analyzer, inches

N
1]

F coordinate of the initial firing point {Z) as measured by
the analyzer, inches.
The following paragraph explains the use of the preceding method.

Table 2-2 is a sample of output from Case TWF 037. The initial
coordinates of the firing point are ZF = 2.195 and XF = 2.815 and the
measured height of tower CD is 2.454 - 2.168 or 0.288. The initial frame
number is 7650. Using (2-1) and (2-2) for point 1, we obtain ZA = 126.54
meters and XA = 179.82 meters. Using (2-3), the corresponding time for the
frame is 7 seconds. The same procedure is followed for all other points

and all time steps.

Table 2-2 Sample of data taken from case TWF 037

X Y X Y
Coordinate| Coordinate{Coordinate|Coordinate X Y
Lowest Lowest Highest Highest |Coordinate|Coordinate
rame Point Point Point Point at at
umber (B (B) (A) (A) Point Point
7818 2.815 2.195 3.299 2.522 11 3.195 1] 2.468
2| 3.432] 2 | 2.468
3| 3.124 3} 2.413
4 | 3.447| 4! 2.413
51| 3.077) 5 ; 2.358
6| 3.472 6 | 2.358
71 3.014| 7 ; 2.303
81| 3.419| 8 | 2.303
9| 2.953| 9| 2.248
10 | 3.264/10 | 2.248
N
8
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2.1.2 Statistical Comparisons of Independent Readings of the Data

In order to ensure the highest degree of accuracy possible in the
readings, each film was read independently by two different analysts.* This
provided the basic input for the statistical error analyses program des-
cribed in this section. In essence, this program compared the replicate
readings of a point and calculated the root mean square error for each
set of films. These results were utilized both to minimize typographical
errors in the data cards and to obtain an estimate of the uncertainty of

the measurements for each film set.

After the raw film data had been reduced, the two independent
readings for each case were compared. At every coordinate for each time
step, the following were obtained: the difference between measured values;
the mean of the differences; the mean of the absolute value of the differences;
and the root mean square error of the differences. The root mean square
error is defined as the square root of the sum of the squares of the

difference between measured values divided by the total number of readings,

}2 12

- R. -

(RMSE), = {1 ‘{A"j i (2-4)
i N N

j.e.,

n o~ =2

* The problems related to tive capability of a film record of the visible
cloud to represent the real dimensions of the cloud have not been considered
in this study. For these firings, the film record is the on1¥ set of data
describing the cloud behavior and thus has been used "as is" for that

purpose.
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where

N = the number of frames analyzed
i = the frame number
J = index of point being subjected to error analysis

(see Fig. 2-1)

o)
L}

S. reading of point j by reader S in the ith frame.
i

Referring to Fig. 2-1, nineteen separate comparisons were run for each time
increment. A check was made of all differences for all coordinates for

each case. Where abnormally large differences were found, the criginal

data were checked for punch errors and cards being out of sequence. By this
method, typographical errors could be separated from the errors of measure-
ment. Table 2-3 shows a typical comparison of the two readings for the
Y-coordinate of the highest point of the cloud for Case TWF 037 after these
typographical errors had been removed. What remains in each case is the
random error associated with the actual reading. It is seen that the RMSE

is about 12.%/ meters, which is a typical value for al’ coordinates for tnis
case. ~or other coordinates, this error ranged from 5 meters to 30 meters.
Generally, the clearer the film, the lower was the error. The average

among measured values was used as the actual coordinate value for each point.
These vilues were used in the correction technique described in Section 2.1.3.

2.1.3 Correction Technique for Cloud Drift

2.1.3.1 Generail

After the raw data were converted from film to actual size measure-
ments (2.1.1) and analyzed for errors {2.1.2), an allowance had to be made
for any motion of the cloud toward or away from the camera caused by the

initial jet effects and/or wind drift. The procedure for determining this

10
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Table 2-3 Typical comparison of two readings for Y-coordinate for
case TWF 037

Y-Coordinate of Highest Point of Cloud

Time (sec) Ist Reader 2nd Reader Difference
3.00 91.20 81.68 2.52
5.00 101.68 112.56 -10.88
7.00 126.91 143.04 -16.12
9.00 147.48 161.02 -13.54

11.00 174.65 187.99 -13.33
13.00 213.07 221.21 - 8.14
15.00 237.91 248.18 -10.27
17.00 265.85 278.67 -12.82
i19.00 310.48 306.03 4.45
21.00 318.63 329,09 -10.46
25.00 371.81 370.52 1.29
29.00 411.78 407.65 4.13
33.00 428.08 442.82 -14.73
37.00 462.62 472.14 - 9.5]1
41.00 486 .69 496.76 -10.907
45.00 526.66 521.38 5.28
49.00 541.41 548.74 - 7.33
53.00 563.53 580.01 -16.47
57.00 587.60 603.46 -15.85
61.00 626.41 633.95 - 7.54
65.00 643.10 657.40 -14.29
69.00 679.19 685.54 - 6.34
73.00 701.70 700.78 0.92
77.00 716.45 709.38 7.07
81.00 734.69 735.17 - 0.47
85.00 749.44 737.91 11,53
89.00 742.06 755.89 -13.82
93.00 797.95 789.89 8.06
97.00 803.39 784.81 18 57
101.00 798.34 829.37 =371 .
105.00 827.84 830.54 -~ ¢.69
109.00 803.77 824.29 ~20.,52
113.00 816.58 838.75 ~ce 17

Mean of differences = -6.596

Mean of absolute value of differences = 10.888
Root mean square of differences = 12.671

Largest difference without regard to sign = -31.030

1



-

allowance is described as follows: The total test firing period was divided
into two regions, one in which jet effects were dominant and one in which
atmospheric effects were dominant. For each region, a correction was applied
which was related to the amount of travel of the cloud toward or away from
the camera. Appendix A describes the mathematical techniques involved for
each of these correction techniques.

Application of these correction procedures requires knowledge of
the transition height where jet effects become negliyible. However, this is
difficult to define from the fiims. The following material discusses this
problem.

Two procedures, one objective and the other subjective, were
developed to locate this transition point (see Fig. 2-2).

2.1.3.2 Objective Technique for Determining Transition Height

This technique is based on the assumption that the first sig-
nificant decrease in the magnitude of the vertical velocity of the cloud
is due to the fact that a change in phase took place, i.e., jet effects
became negligible. For each of the ten trials, the change in height of the
topmost point of the cloud with time (dz/dt) was computea as a function
of height. Table 2-4 shows dz/dt as both a function of time and height
for a sample case, No. 23. Note was made of the height at which dz/dt
first began to decrease (time - 7 sec.). The level previous to that where
dz/dt began to increase again (time - 9 sec.) was selected as the transi-
tion height (time - 7 sec.). The height is 172 meters.

2.1.3.3 Subjective Technique for Determining Transition Height

This technique is based on the assumption that the region in which
the phase 1 influence ends will be identifiable in the film record as a sig-

nificant deviation of the cloud's direction of travel from the jet axis.

’
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Figure 2- 2 Location of transition height where jet effects become
negligible. Line BB' is at this height.
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Table 2-4 Change in topmost point of cloud with time as a function of
time and height for case No. 23

Time (sec) dz/dt (m sec ') z (meters) !
3 12.6 168
5 19.4 133
7 10.0 172
9 13.4 192

1 23.7 219
13 17.6 266
15 15.2 302
17 16.8 332
19 20.8 366
21 16.2 407
25 14.7 472
29 12.3 531
33 9.4 581
37 1.8 619
4 10.1 638
45 10.1 679
49 7.8 719
53 8.7 i 751

For each of the ten trials, the cloud was observed for sevaral seconds
during which the rocket was firing. The height coordinate was recorded
wheie the cloud appeared to deviate from the jet axis. In Fig, 2-2

this height is given by the line BB'. Two independent readings of this
level were taken. As might be expected, the two readings tended tc vary,

but their average differences were on the order of 25 meters.

14
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2.1.3.4 Comparison of the Objective and Subjective Techniques

Table 2-5 is a comparison between both techniques.

both readings using the subjective procedure were compared.

It is seen

In addition,

trhat the two subjective readings tended to be comparable, and the objective

method compared favorably to the subjective one, with their standard devia-

tions also -:omparable.

Table 2-5 Transition heights as computed by the objective and subjective

techniques
i Subjective Technique Objective Technique '
Case 1st Reader 2nd Reader
TWFQ37 223 197 134
TWF034 174 155 148
TWF031 136 145 293
TWF026 166 146 196
TWF027 176 176 204
TWF033 185 132 118
TWF056 151 202 217
SICO5 154 99 197
SICo6 145 73 220
Mo. 23 99 34 f 172
o —— R
Mean 1£0.9 135.9 189.9
Standard '
Deviation ! 3.1 50.9 } 47.8

2.1.4 Validation of the Correction Technique and Presentation of the Data

for Use in Analyses

A technique was devised for verifying the validity of the cor-

rection methods employed. This technique is described in Appendix B

and repres=nts a combination of synthesizing a known cloud behavior and

15
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studying the goodness of applied corrections, plus detailed case studies
of the actual ten test runs. The verification technique supports the cor-
rection of the data for atmospheric drift toward or away from the camera
and was used to derive the final numbers characterizing cloud behavior for
each test firing. Some of the finaliy derived data for all cases are pre-
sented in Tables 2-6a and 2-6b and cover the following: the dependent
parameters of cloud height (z), rise rate (dz/dt), area (A), and the rate
of increase of area {dA/dt) for the jet phase (phase 1), the hot plume phase
(phase 2), and the two phases combined; the engine parameters of fuel ratio
(F), duration of firing (D), and thrust (TH); and the meteorological para-
meters of mean atmospheric temperature (T), temperature change with height
(dT/dZ), mean wind speed (u), wind speed change with height (du/dz), mean
atmospheric pressure {p) and change with height (dp/dz), mean relative
humidity (RH), and mean atmospheric density (i-). The data on observed
cloud height (z) and area (A) as a function of time after fi~ing for all
cases, however, are tabulated in Appendix C. Aiso included in Appendix C
are observed temperature (T}, pressure (p), relative humidity (RY), wind
direction (d), and wind speed (u) at levels from the surface to 2000 meters
for all cases.

These data were the principal source of information for the
validation studies of the theoretical development (Section 2.2) and for the

multivariate statistical analyses (Section 2.3).

16
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2.2 _Theoretical Study

2.2.1 General Background

Numerous theories on the rise of a heated buoyant cloud have
been reported in the literature. However, few attempts have been made
to apply these theories to an exhaust cloud produced from static vehicle
engine firing. Recently, Hage and Bowne (1965) computed the maximum
height attained by such a cloud using equations develoned by Machta
(1950), Sutton (1950), and Morton, Taylor and Turner (1956). However,
no features of exhaust cloud rise phenomena, other than maximum height,
were examined in their study.

In this investigation, a physical-numerical model has been
developed following a theory of the bent-over plume of heated gas from
a continuous source developed by Priestley {1956). In addition to the
maximum height of cloud rise, this model predicts other features of
exhaust cloud rise and growth such as instantaneous height, rise rate,
growth rate, and temperature excess of the cloud. Furthermore, environ-
mental factors such as wind and thermal stability, that are often neglected
in models of this type, have been taken into account in this model. A}l
these refinements make this a very useful and general model which may be
applied not only to exhaust clouds produced from static engine firing,
but also to other types of buoyant clouds from a heated source.

2.2.2 A Physical-Numerical Model for Exhaust Cloud Rise and Growth

Based on the formal analyses given by Rouse, Yih and Humphreys

(1952), Priestley {1953, 1956), Priestley and Ball (1953), and Merton

19
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Taylor and Turner (1956), a physical-numerical modei for exhaust cloud
rise and growth was derived. The model was designed to yield the follow-
ing informaton on exhaust cloud behavior: (1) the maximum height to
which the cloud ascents before it becomes environmentally stable, (2)

the height of the cloud as a function of time after its formation, (3)
the rise rate or the vertical velocity of the cloud as a function of
height or time after its formation, (4) the temperature of the cloud as

a function of height or time after its formation, and (5) the growth rate
of the cloud.

The ascent, spreading, and diffusion of the exhaust cloud were
regarded as subject to three phases {Priestly 1965). The first phase
being the jet phase, during which the exraust cloud moves through the
resisting air and is subjected to turbulence induced by its own motion.
In the second phase, the jet-induced motion decreases in intensity and the
atmospheric turbulence becomes dominant. The mixing of exhaust gas with
ambient air at this point proceeds at a rate determined by atmospheric
properties. The maximum height to which the cloud ascends until it be-
comes environmentally stable is reached during this phase. The third and
final phase begins after the cloud has lost its effective independent
motion and buoyancy and the stage is set for pure atmospheric diffusion.
Since our objective for Task 1 is to study cloud rise and growth, only

the first two phases will be simulated in the model.

20
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2.2.2.1 Model Equations

2.2.2.1.1 Equations for the First Phase of Cloud Rise and Growth

4
z

vorasaan O 7777

Figure 2-3 G5chematic sketch of a circ .r-symmetric cloud column

The derivation of model equations begins « - « very general
system of a circular-symmetric cloud column as sketched in Fig. 2-3.
In Fig. 2-3, S is the source point, r is the radius of the ring, and
z is the vertical coordinate. The basic equations governing the first

phase of the rise and growth of the exhaust cloud is the equation

of continuity,
) ?)
32 (rwo) + pey (rug) = 0,

the equation of vertical motion,

3 (w2 3 =p 85 a_

=7 (%) + == (ruwp) = r eeog + 5% (r),
and the equation of heat conservation

2 > Sl

3% (rwop) + P (ruep) = ¢, oF (rF),

where

21
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r = the radius of the circular-symmetric cloud,

z = the height above the source of the cloud,

w = the vertical velocity of the cloud {dz/dt),

p = density of exhaust gas in the cloud,

u = radial velocity of the exhaust cloud,

¢ = potential temperature in the cloud,

8y = potential temperature outside the cloud,

o' = excess potential temperature of the cloud (e-ee),
t = vertical turbulent shearing stress,

g = acceleration due to gravity,
cp = specific heat of air at constant pressure,

F = radial turbulent heat flux.

A1l quantities in Equations (2-5) through (2-7) refer to mean values for
the ring-shaped cloud surface. It is assumed that the ambient pressure
is undisturbed, that the vertical turbulent mixing is negligible com-
pared with the horizontal, and that the density is constant except insofar
as it affects the buoyancy.

From Equations (2-5) and (2-6) may be derived the kinetic

energy equation

%;'( 2 W) + ——-( 2 ruwzp) ™ -;'og + W = (ir) (2-8)

and from Equations (2-5) and (2-7) we have the following equation:

J0

(rwe p) + (rue p) = %-; 1; (rF) - rwpo 3;- . (2-9)

Integration of Equation-(2-6) from r = 0 to r = « gives

)
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FFa f“ rw/ pdr = fo r o cgdr (2-10)

where rou is assumed to remain finite as r approaches ~ and «r and w
approack zero at r = ~, Integration of Equations (2-8) and (2-9) for

the same iimits yields

S r~ R et -
d_ Lowicdr =f rwE—pgdr - | or X gr (2-11)
dz o o Vg g or
d ® * 26,
@), ™o 'odr = - . pIW —= dr (2-12)

where, again, rpu remains finite and rF, tr, w and @' all approach zero
at r = =,

Both Priestley and Ball (1955) and Morton, Taylor and Turner (1956)
assumed that the lateral profiles of w and ¢' are of similar shape at dif-
ferent distances from the source. Following Sutton (1950) and citing results
from laboratory experiments by Rouse, Yih and Humphreys (1952) and by
Railston (1954), Priestley and Ball assumed that the profiles are Gaussian
and the measures of dispavsion are approximately the same for v and 5.

Written in mathematical terms we have

w r? 2-1:
¥ - oexp (- ) (2-13)
% 2R
: 2
“r =exp (- Lial) (2-14)
0 2R?

where Wos *.o are values of w and o' on the axis of the cloud and R is some

linear characteristic of its lateral extent. Different assumptions were

made by differentijfvestigators of the rate of entrainment. Morton, Taylor

”
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and Turner (1956) argued that the rate should be proportional to the

ascending velocity and to the surface area of.the cloud element, while

Priestley and Ball assumed that the cloud experiences a vertical drag

proportional to the square of the ascending velocity.

sumption was expressed as

S

where the function f is yet to be defined.

an¢ (2-15), we can now integrate Equations (2-10), (2-11) and (2-12) to

obtain

g_z. (R.’w?.) = 2R:" g;_ g

d vy b, 9 3
a‘z- (R?‘W*) = 3Rw 6‘; g - cRw

.
(R7w:') = - 2R%w - &

dz 2

The latter as-

With the relationships expressed in Equations (2-13), {2-14)

where ¢ is a profile constant and the subscript o has been dropped.

The combination of Equations (2-16) and (2-17} yields the following:

dR .

'a-z— C

or R = cz + constant.

The constant ¢ may be regarded as a spreading coefficient.

Priestley (1956) argued that Equations (2-16) through (2-19)

apply, not only to a circular-symmetric cloud column (under calm wind

24
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conditions) as sketched in Fig. 2-3, but also to a bent-over plume (under

*he influence of wind u) as in Fig. 2-4. He mairtained that the relative
riotion between plume and air is the source of spreading during the first
phase, and that the only modification necessary when applying the system

of equa_ igns to a plume in a crosswind of speed u, is to make c, the

- bt . gy - ..

spreading coefficient variable, as a func-ion of u. He further suggested
that ¢ is proportional to the square root of wind speed u, but has a

value of 0.1 under calm conditions. For details of Priestley's argument, the

readers are referred to Priestley's 1956 paper.

wind -
_ o¥indspeedu, = - s PN
N ~ :7

Figure 2-4 Schematic sketch of a plume in a crosswind of speed u.
S is the source point, SS' is the center line of tne

plume, SO and SP are the boundaries of the plume.

Under neutral conditions (’%e/sz = 0) the solution to Equations

(2-16), (2-17) and (2-18) is given by (2-19) together with

. 35 3
w=p3R_ . ‘o ) + "o %o 13 (2-20)
Zeec2 LIPS 23
o= OAO (2-21)
c222w
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where

r o= Q/-rr;cp (Q being the heat source strength),
z, = the height at the source, ard
W, = vertical velocity at the source.

No general ana]yt1c?1 solution has been‘iggnd when thg, thogmal styatifi-

haae rdaimstren -y -
cation is not neutral (--e/-z # 0). However, the solution can be found

numerically from the following equation (Priestley and Ball 1955).

<o

(zw)ﬂ g__z_ (Zw) = .g.z.c_'. (A." - _g_e_, ,.z‘__g‘ C'.zl.wu):/‘. (2-22)
e

where all boundary conditions at z = z, are assumed to be known.

2.2.2.1.2 Equations for the Second Phase of Cloud Rise and Growth

The equations for the rise and growth of the exhaust cloud

during the second phase are

':'Q _d - = g_.. LI -
_ dg . kw (2-23)
. e
d' : - - . ' -
d%“ k" (2 24)

where the mixing rate k is = function of the effective radius of the
cloud and tae environmental eddy viscosity K.

The solulion of Equations (2-23) and {2-24' r3r neutral
stratirticat:on was given by Priestley (1956; as

( gb'l | -kt (
W= (w + t 2-25)
H Ue e

ote ek

i

(2-26)




P2 S e syt s g e '

where the variables with subscriptl are those valued at the transition

from phase 1 to phase 2 and t is time from the transition. Equation

( 2-25 can be integrated to yield the height as a function of time and
the maximum height the cloud will reach under neutral conditions as

M, 8 (2-27)
- = + .._._.._ -
where z, is the maximum height and z, is the height reached at the

transition. The maximum height for thermal stratifications other than

neutral was given (Priestley 13853) as

-2 = B e 2 -
z, -2 (kw1 + )/(e 55t k2). (2-28)
Note that when aae/az = 0, Equation (2-28) becomes Equation (2-27).

2.2.2.1.3 The Transition from the First to the Second Phase

The transition from phase 1 to phase 2 was defined by Priestley

(1956) as the point at which

( ) = ( ) (2-29)

with the transition height being z,. When w; and w, are plotied as a function

of z, z can be easily located graphically.

Spurr (1957) showed that a cubic equation in 212 can be c¢oriivad

to compute z :
1 [%.AS._. (w 3z 3.3 &9_7.2 2)] = (2-30)

3, 4 8 ¢2
k z1 ec zI
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2.2.2.2 The General Model Characteristics

The general characteristics of the model may be summarized
as follows:

(1) The model formulations are general in nature, applying to
all types of buoyant clouds or plumes from a continuous point source.

(2) The model takes atmospheric conditions such as wind, temper-
ature and thermal stratification into account.

(3) Analytical solutions to model equations under neutral thermal
stratification are available. When the thermal stratification is non-neutral,
numerical methods are to be employed to obtain solutions.

(4) Linear spreading of the cloud with height (Fquation (2-19))
during the Tirst phase is a necessary property of the model. Growth of the
cloud during the second phase is not treated in the present model formula-
tions.

2.2.2.3 Computational Form of Model Equations

Most model equations are in algebraic form and of analytical
nature and, therefore, are readily solvable. The only equation that has
to be rewritten in f*nite-difference form and solved numerically is

Equation (2-22), now becoming Equation (2-31):

1 e 2(§)?2 w(j
) (2-31)

D) 7, .
2 . & __& T (i) w(i) .
[A g 3z © z(j) W(J)] Zj}
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30
where j 1is the height index and e s C and e are the properly
26
averaged values of 9 e © and 5}_3 respectwe]y for the layer in

which the first phase of cloud rise and growth takes place. The boundary
condition is w(o) = W, at z = z, . In the actual computations, a uniform

vertical spacing, z{j+1) - z(j) , of 20 meters was used throughout the
layer.

The only other equation which needs to be discussed is Equation
(2-30), but for a different reason. It is recalled that Equation (2-30)
is a cubic equation in z ? , for which an analytic solution of z; can be

obtained only when the following conditions exist:

3.3_3 A 2
WOz, >7—9—2~z° (2-32)

S S (2-33)

When either of the two conditions is violated, {iterative methods will

have to be used to obtain a solution numerically. Fortunately, for the
ranges of numerical value of constants and variables in this study, the
two conditions were always satisfied and an analytical solution to Equation
©-30 ) was available all the time. The method of solution to Equation
(2-30) will be described in AppendixD.

29
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2.2.3 Input Data and Auxiliary Equations

Input data used for model predictions of exhaust cloud rise
and growth are tabulated in Table 2-7. Note that there are two types
of input data: model input and raw input. Model input data are those
derived from raw input data and used directly in the computations. For
example, v, is a model input entity, which is derived from the raw
input of V and a. However, model constants such as g, z and t in Table
2-7 are directly available and need no derivations.

Auxiliary equations wera used to compute some model input from
raw input quantities. For instance, the initial vertical velocity of the

exhaust cloud was computed from the following equation:

W, =V sin -~ (2-34)

A series of auxiliary equations were employed to arrive at the heat

source parameter A:

pMO
P= ¥ Tgas (2-35)
Q= F*e'cp (2-36)
A= ;&; . (2-37)

Diffusion parameter k was computed as a linear function of wind speed :
k=ayu+ 3,. (2-38)

Based on Priestley's estimates (1956) ay and a, were set at 0.0204 and
0.004 respectively. u is an averaged value of a:1 wind speeds observed

in the layer where exhaust cloud rise and growth take place.

30
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The spreading coefficient ¢ was computed simply as an averaged
value of the ratioc of R(z)/z at all levels in the layer of interost. It
could be a function of wind speed u, as suggested by Priestley (1956) and
discussed in Section 2.2.2.1.1. Finally, the stability term was computed
in the following way:

g 1ld#1) = 1 (3)
7 T EHFED )

where again j is the height index. In the actual computation an averaged

(2-39)

value of uee/;z for the layer of interest was used.

2.2.4 Computational Procedures

The procedures for model computations of exhaust cloud rise and

growth are outlined in the following flow di- vam.

!gét constants and counters

[ ]

>~

Read input data A, C,

.

[pompute z, (Equatien (2-30))

*

Compute w, ' during first phase and w;, +; (Equations (2-20) and (2-21)
under neutral stratification, Equation (2-22)
under non-neutral stratification)

Compute w and »' during second phase and z,
(Equations (2-25), (2-26) and (2-27) or (2-28))

Hdm

been processed? No
Yes

s wo, ZO, !'e9 :"'e/"Z}

g

Figure 2-5 Flow diagram for computations of exhaust cloud rise and growth
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2.2.5 Results of Model Computations

llodel computations were carried out for twelve static engine
tests for which film observation data of exhaust cloud rise and growth
were available. For each of the twelve cases, the model predicts the
following: (1) maximum height of cloud rice, (2) rise rate or vertical
velocity of cloud as a function of height or time after its initial
formation, and (3) temperature excess of cloud as a function of height
or time. Growth rate of cloud is not predicted per se; rather, the
linear variation of its lateral extenc wi:th height during the first
phase is a derived property of the model as discussed previously in
Section 2.2.2.2. Growth of the cloud during the second phase is not
treated in the present model formulations.

Results of model computations were compared with observed data
of cloud rise. It should be pointed out, however, that uncertainties
about observed cloud rise existed in four out of the twelve cases pro-
cessed for various reasons. For example, there were three cases where
no reference point could be found on the early frames of the film.
Observation was uncertain for another case (TWF 033) where the cloud
was behind a tower for at least part of the observation period.

Table 2-8 tabulates the input data for all twelve cases for
which model calculations were carried out. Note that model constants
such as g, z and t are not listed in the table. In the actual com-

putations, g had a value of 980 cm sec'z, z ranged from 20 to 1600 meters

(with a vertical spacing of 20 meters), and t ranged from O to 200 seconds.
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Table 2-8 Input date: for twelve cases of exhaust cloud rise and

growth to be predicted by a physical-numerical model

+.Catse i Test f;;;;g Duration| Model *nput (Engine & Exhaust h
' No. Date Time of Gas Data)
- (csT)| Firing [ 5 A ]
(sec) | "o 51 o M 3., -1
(m sec )| (m) (10" "em”°K sec ')
TWF 026] 2 7/9/64 1619 23 1404 20 0.4575
TWF 027 3 | 7/10/64 1654 50 1404 20 0.4576
TWF 031} 5 8/4/62 1124 20 1404 20 0.4568
TWF 033] 6 8/25/64 é 1706 66 1404 20 0.4587
TWF 034 9 10/9/64 ‘ 1621 24 1404 20 0.4609
TWF 035] 10 10/10/64 ; 1429 132 1404 20 0.4610
TWF 037! 11 10/23/64 1640 119 1404 20 0.4609
TWF 050| 12 2/18/65 i 1639 48 1404 20 0.4612
TWF 052{ 13 3/1/65 1414 6G 1404 20 0.4626
S-1C 05| 17 5/6/65 1510 15.6 488 30 0.4579
S-I1C 06| 18 5/20/65 1200 40.6 488 30 0.4580
TWF 056| 19 5/26/65 1400 40 1404 20 0.4572 i
Continued
35

) ———— ——— —— ——— e

— ——

- = ok ym



Table 2-8 Input data for twelve cases of exhaust cloud rise and growth

to be predicted by a ;

sical-numerical model - Continued

Case Tﬁ:f Raw Input (Engine and Exhaust Gas Data)
v a zx | F¥ c o'
(ft sec']) (degree)| (ft) !(]b min~} (cag gm'] (°K)

! engine'] o N
TWF 026/ 2 9365 30 159 3 x 10° 0.49 1769
TWF 027] 3 9365 30 159 - 3 x 10° 0.49 : 1769
TWF 031 5 | 9365 30 |15 3x10° | 0.49 | 1766
TWF 033 6 9365 30 159 3 x 10° 0.49 1773
TWF 034 9 | 9365 30 |159 3x10° | 0.49 | 1782
TWF 035 10 9365 30 159 | 3x10° | 0.49 1782
TWF 037] 11 9365 30 159 | 3 x 10° | 0.89 1782
TWF 050| 12 9365 30 159 ' 3x10° | 0.49 1783
TWF 052| 13 9365 30 159 | 3 x 10° 0.49 1789
s-IC 05 17 9365 10 232 | 3 x 10° 0.49 1770
S-1C 06| 18 | 9365 10 232 ! 3 x 10° 0.49 1771
TWF 056 19 9365 30 159 . 3x10° | 0.49 1768
) Continued
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Table 2-8 Input data for twelve cases of exhaust cloud rise and growth
to be predicted by a physical-numerical model - Continued

s e

Case %Tﬁg? Raw Input (Engine and Exhaust Gas Data)
p T M *

| aoin?) | O [(gnmor™) | (erg et o)
THF 026 | 2 18.7 2080 23.7 8.3144 x 10/
TWF 027 @ 3 18.7 2080 23.7 8.3144 x 107
TWF 031 5 14.7 2080 23.7 8.3144 x 107
TWF 033 | 6 18.7 2080 23.7 8.3144 x 107
TWF 034 | 9 18.7 2080 23.7 8.3144 x 10’
TWF 035 | 10 14.7 2080 23.7 8.3144 x 10/
TWF 037 | 11 18.7 2080 23.7 8.3144 x 107
TWF 050 | 12 18.7 2080 23.7 8.3184 x 10’
T 052 | 13 14.7 2080 23.7 8.3144 x 10/
S-IC 05 | 17 18.7 2080 23.7 8.3144 x 10
S-IC 06 | 18 18.7 2080 23.7 8.3124 x 10’
TWF 056 | 19 18.7 2080 23.7 8.3144 x 10

Continued
37
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Table 2-8 Input data for tweive cases of exhaust cloud rise und grewth
to be predicted by a physical-numerical model - Continved

e -

Case Test T
No. Model Input (Atm. Datay

k-] c ol 92

(sec ') (-) (°K/ km)
TWF 026 2 0.1462 0.6254 .84
TWF 027 3 0.0963 0.6154 1.17
™ 031 5 0.0830 0.5525 2.31
TWF 033 6 0.0552 0.6398 6.98
TwF 034 9 0.1109 0.6702 1.56
TWF 035 10 0.1010 0.654¢6 1.99
TWF 037 11 0.1561 0.6676 3.56
TWF 050 12 J.0776 0.5310 3.73
TWF 052 13 0.1041 0.6634 6.17
S-IC 05 17 0.0€78 0.6588 -0.63
S-1C 06 18 0.0765 0.8069 1.16
TWF 056 19 0.1173 0.5085 -1.03

Continued
38




Table 2-8 Input data for twelve cases of exhaust cloud rise and growth
to be predicted by a physical-numerical model - Concluded

Case . Test Model Input | Raw Input '
t  No. (Atm. Data) ! (Atm. Data)
% Lo
: (°K {m sec )
THF 026 2 300.1 7.4
TWF 027 3 299.8 4.9
; 031 | 303.1 4.3
TWF 033 6 295.5 2.9
TWF 034 | 9 286.9 5.6
™Fo0s | 10 286.6 5.2 5
THF 037 1 287.1 7.8 |
TWF 050 12 286.1 4.0
-3 TWF 052 13 280.4 5.3
S-IC 05 17 298.5 4.5
s-Ic06 | 18 293.1 3.9
TWF 056 19 301.3 5.9
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2.2.5.1 Computed Maximum Heights of Cloud Rise

Maximum heights of cloud rise for all twelve cases under neutral
and non-neutral thermal stratification conditions were computed with the
prediction model described in Section 2.2.2. The computed maximum heights
under neutral conditions when thermal stability effects were negiected in
the model and the cbserved maximum heights derived from film data are tabu-
lated in Table 2-9.

In Table 2-9, columns one and two identify the test numbers and
cases, column three lists the computed maximum height (zm) with stability
effects neglected for each case, column four gives the observed height
(zé) corrected for cloud movements away or toward the camera, column five
records the actual difference between the computed and observed maximum
keight for each case, and column six presents the percentage difference
between the computed and observed maximum heights for each case. Note that
there are three test numbers bearing an asterisk (*). These are the cases
where the observed data were not corrected for cloud movements.

The averaged difference and averaged percentage difference in
absolute values between the computed and observed maximum height for all
twelve cases and for ten of the twelve cases (excluding Tests 5 and 6) were
also computed and they are listed in Table 2-9.

Some observations on the comparisons between the computed and
observed maximum heights of cloud rise can now be made. First of all, for
the types of heat source strength emplcyed, the computed maximum heights
seem to fall into a range of reasonable values ; the lowest predicted height
being 866 meters and the highest being 1513 meters. Secondly, for a majority

of the cases processed (seven out of the total twelve cases) the percentage

40
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Table 2-9 Comparisons between the computed and observed maximum heights
of cloud rise for twelve cases (Thermal stability effects
not includec in the computed heights. Observed heights are
corrected for cloud movements away or toward the camera.)

B z ' (meters)
Zn (meters) (observed 2 - z( /2

Test (computed max. height,|maximum height|?m = m | ‘Zm ~ %m /' Zm

No.| Case |neutral conditions) corrected) | (meters) (%)

2 | TWF 026 898 798 100 12.47

3 | TWF 027 1,120 1,100 20 1.86

5 | TWF 031 1,225 587 638 108.66

6 | TWF 033 1,513 736 777 105.60

9 | TWF 034 1,036 821 215 26.13
*10 { TWF 035 1,089 1,010 79 7.79

11 | TWF 037 866 926 - 60 - 6.50
*12 | TWF 050 1,281 1,050 231 22.03
*13 | TWF 052 1,072 1,160 - 88 - 7.56

17 |S~IC 05 919 1,254 -335 -26.74

18 |S-IC 06 960 1,105 -145 -13.16

19 | TWF 056 1,022 1,039 - 17 ~ 1.61
*Observed maximum heights not corrected for cloud movements.

Averaged difference between the computed and observed maximum height for
twelve cases

< %m " Zm'|

i =

12 225 meters

Averaged difference between the computed and observed maximum height for ten
cases (excluding Tests 5 and 6)

1z, -2 "'

z m m ! -
—-J——TTT———~L 128 meters

Averaged percentage difference between the computed and observed maximum
height for twelve cases

z -2z"'
v /12 = 28.34%
z
m
Averaged percentage difference between the computed and observed maximum
height for ten cases (excluding Tests 5 and 6)
z -2'
D 1-1“-2—,-1“—!/10 = 12.59%
m
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in absolute values between the computed and observed maximum heights is

no greater than 13.16 percent (from 1.86 percent for Test 3 to -13.16 per-
cent for Test 18). For the remaining five cases, three have percentage
differences less than 27 percent (22.03 percent for Test 12, 26.313 percent
for Test 9 and 26.74 percent for Test 17) and two of tihem have differences
from 105.60 percent (Test 6) to 108.66 percent (Test 5). Thirdly, for one
of the two cases (Test 6) where the percentage differences between the pre-
dicted and observed heights are the greatest, the observation was somewhat
uncertain because the cloud was behind the tower for at least part of the
observation period. For the other case (Test 5} which has a vercentage
difference of 108.66 percent, the static firing lasted for only 20 seconds.
This duration of firing is very short as compared with that of 132 seconds
for case 10, which has the longest firing time among all the cases processed.
The extremely short duration of firing might have adversely affected the
theoretical prediction for Test 5 because the model will yield the best
prediction of cloud rise when the heat source is maintained long enough to
be considered continucus. Finally, it is observed that the compuied heights
are greater than those observed in seven out of twelve cases and smaller

in the remaining five cases. However, there is very little evidence to
indicate a systematic bias on the part of the model to overestimate the
height of the cloud rise.

It has been pointed out that there are two cases (Tests 5 and 6)
where the differences between the computed and observed heights are unusually
large (638 and 777 meters respectively). Attempts were made to explain the
rather small maximum heights observed and the unusually large differences

between the computed and observed maximum heights of cloud rise. In order
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to avoid bias which was possibly built-in to two cases of unusual circum-
stances, two sets of average differences betweer the computed and observed
maximum heights were calculated. While the first takes all twelve cases
into account, the second excludes Tests 5 and 6 in the computation. Clearly,
the differences between the two sets of averages are substantial. With all
twelve cases being considered, the averaged difference between the computed
and observed is 225 meters, and the averaged percentage difference is 28.34
percent (the signs of the differences are disregarded). However, when Tests
5 and 6 are excluded in computing the averages, the averaged difference and
averaged percentage difference are reduced to 129 meters and 12.59 percent
respectively.

Table 2-10 presents comparisons between the computed maximum heights
of cloud rise under non-neutral conditions (thermal stability effects included
in the model) and the observed maximum cloud heights. In addition to the six
columns listed in Table 2-9, two columns covering the mean values of diffu-
sion parameters and thermal stability for each case are included in Table 2-10
for reference .

Interesting comparisons can be made between Table 2-9 and Table
2-10. The contrast is clearly demonstrated: When the stability effects are
included, the averaged differences between the computed and observed maximum
heights are 171 meters (twelve cases) and 116 meters (ten cases), as opposed
to 225 meters (twelve cases) and 129 meters (ten cases) in Table 2-92; the
averaged percentage differences are 20.76 percent vs. 28.34 percent (twelve

cases) and 11.06 percent vs. 12.59 percent (ten cases).
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Table 2-10 Comparisons between the computed and observed maximum heights
of cloud rise for twelve cases (Thermal stability effects
included in the computed heights. Observed heiyhts are cor-
rected for cloud movements away or toward the camera.)

z ' (meters)
z, (meters) M observed R P e
Test (computed | maximum hei?ht, m m m m y K
No.| Case |max. height)] corrected (meters)] z.'(%) Wsec™ ) (“k/km)
2 | TWF 026 895 798 97 12.16 |0.1462] 2.84
3 | TWF 027 1,037 1,100 - 63 - 5.73 |0.0963} 1.17
5 | TWF 031 1,085 587 498 84.84 10.0830] 2.31
6 | TWF 033 1,124 736 388 52.72 10.0552| ¢.98
9 | TWF 034 995 821 174 21.19 [0.1109) 1.56
*10 | TWF 035 1,027 1,010 17 1.68 |0.1010] 1.99
11 | TWF 037 869 926 - 57 - 6.16 {0.1561| 3.56
*12 | TWF 050 1,110 1,050 60 5.71 [0.0776] 3.73
*13 | TWF 052 1,029 1,160 -131 -11.29 |0.1041| 6.17
17 |S-1C 05 909 1,254 ~-345 -27.51 |0.0878] -0.63
18 |S-IC 06 932 1,105 -173 -15.66 |0.0766] 1.16
19 { TWF 056 993 1,039 - 46 - 4,43 10.1173] -1.03
*Observed maximuh heights not corrected for cloud movements.

Averaged difference between the computed and observed maximum height for
twelve cases

.1z -2z
21 M M1 =171 meters

Averaged difference between the computed and observed maximum height for ten
cases (excluding Tests 5 and 6)

z -2z'
EJ_"‘__"'_L = 116 meters

10

Averaged percentage difference between the computed and observed maximum
height for twelve cases

z - '
L llz?—zi"—ilnz = 20.76%

Averaged percentage difference between the computed and observed maximum
height for ten cases (excluding Tests 5 and 6)
z -2z'
5 |- /10 = 11.06%
m



Further comments on comparing the computational results in Table
2-10 with those in Table 2-9 can be made as follows: (1) The net effect
of stability on the predicted maximum height is most obvious when the
stability factor (nae 5z) is substantial and k is relatively small. This
is clearly illustrated in Test 6 where 3@;732'15 6.98°K/km and k is oniy
0.0552 (1ight wind) and where consideraticn of stability reduces the dif-
ference between the computed and observed maximum heights from 777 meters
to 388 meters, a reduction of 50 percent. (2) In general, stable conditicns
(33;73330) tend to reduce the maximum heights and unstable conditions
(53;75520) have the opposite effect. (3) After the stability has been
taken into account, the predicted height is now greater than the observed
in six cases and less than the observed in the other six cases. It appears
that the model, with or without thermal stability effects, had no bias to
overestimate or underestimate the maximum height of cloud rise.

2.2.5.2 Computed Rise Rate and Temperature Excess of Cloud

Rise rate (or vertical velocity) and temperature excess of exhaust
cloud, as a function of height or time after the initial formation of the
cloud, were computed with the prediction model for all twelve cases.

The predicted profiles of rise rate (w) and temperature excess {6')
for one case (TWF 056, Test 19) are presented in Fig. 2-6. In Fig. 2-6
the solid Tine represents the predicted vertical profile of w under
neutral conditions, whereas the dashed line is the observed. The computed
temperature excess (8') is plotted along the solid line. The transition
level 22 is computed at 489 meters above the ground. It is interesting to
note that during the first phase, the predicted w decreases rapidly with

height during the early stage and then lessens its pace of decrease as the

45



I
'(Bll J )
1 000
4 -
'y
N 19
I kel :
100 " -u'-';j:l 1?_;'\-
1 98 R S
. -‘*‘ s T
= bl | IS é
p al 3 TR
" \L’ - " 3

101

w (m sec™}) —3

) 0.1
-H I
Ll b
I = <
. 0,01 | . {:e
]
' : 44
q
0.00 (ld“) ) l
0 100 "2 30 400 500 600 700 800 900 1'000 1.100

z (meters) ——————)

Figure 2-6 . Computed vs. observed distribution of rise rate of exhaust
cloud (w) with height (z), Test No. 19, Case TWF 056,

26 May 1965.
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transition level is being approached. After the transition level has been

reached, however, w resumes its rapid decrease in magnitude and eventually

1

becomes negligible at the height of 1022 meters, which is the computed max
imum height reached by the exhaust cloud in this case. Incidentally, this
computed maximum height compares very favorably with the observed maximus:
height of 1039 meters. The predicted temperature excess, indicated by the
numbers in parentheses in Fig. 2-6, decreases rapidly with height.

The observed rise rate or vertical velocity of the exhaust cloud
also experienced rapid decrease in the early stage of cloud ascent. By the

time the cloud reached the height of about 115 meters, its rise . had

], a much lower value than the com-

already been reduced to about 15 m sec”
puted 200 m sec'] at the same height. However, the rise rate fluctuated

in a narrow range from then on. By the time the cloud reached its observed
maximum height at 1039 meters, it was still experiencing appreciable ver-
tical velccity.

No comparison between the predicted and cbserved temperature excess
of the exhaust ci.ud was made because the temperature excess of the cloud was
not observed. However, it is interesting to observe that when the cloud
reached its computed maximum height, temperature excess of the cloud was pre~
dicted to be 0.10°K only; an indication that the cloud had become environ-
mentally stable in theory.
2.2.5.3_ Sensitivity of Heights of Cloud Rise Prediction to Some Input

Variables

Sensitivity of maximum height (zm) and transition height (z]) of
cloud rise prediction to some input variables, both of engine and exhaust

gas and of atmospheric categories, was investigated using Test 19 as a
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study case. The basic values of engine and atmosphieric input variables used

in the study were as follows: Wy = 1404 m sec'], z, - 20 m, A = 0.4568 x 10
', - 0.1184, €= 1.0, W /77 = 0.0 °K kn”|

14

em’ °K sec” , and ug = 304.3 °K.
Sensitivity of heights of cloud rise to a certain input variable was studied
by varying the variable in question within a reasonable range of values, while
holding all other input variables constant.

2.2.5.3.1 Effects of Initial Vertical Velocity of C]”P“_iﬂol_Q“ Predicted

Heights of Cloud Rise

My values ranging from o000 to 50,000 m sec’] were used in modei

computations to evaluate the effucts of Wy Oh nredicted neignts of cioud

rise. The results are nlui 2o 7 0 7.7, It is eyident from Tiq -7
that both maximur Feight {zw) and transition -.cinht {z,; of cloud ri >

| 1
vary rapidly and .:onertionally to initial vert. -} velocity (u,, uf the

clcud. This is %o be expected because momentum ¢ .ct represented by w,
plays a signific nart in the plume rise, espe-: . iy during the first
(jet) phase of cloud rise.

2.2.5.3.2 Effects of Diffusion Parameter (k) .r ‘redicted Heights of

Cloud Rise

A wide-ranged value of K wes u .: .o the cise study to assess the
impact of k on 2 and z, while the other input variables were again held
constant. The results shown in Fig. 2-& indicate that both z, and z,
increase with the decreased value of k. For example, when k = 0.001, the
computed z and z, are 6553 and 8604 meters respectively. However, when
k=1.0, z, and z, have decreased to 168 and 335 meters respectively.

Although values of diffusion parameter k have no direct effects

on the first phase (jet phase) of cloud rise, they help determine the
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Figure 2<7 Variation of maximum height and transition height of exhaust cloud as
. a function of initial vertical velocity Wos Test No. 19, Case TWF 056,
26 May 1965.
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transition height (z]) through Equation (2-30). During the second phase,
vertical velocity (w) of the cioud decreases exponentially with k as indi-
cated in Equation (2-25), thus affecting maximum height of cloud rise

through either Equation (2-27) or Equation (2-28).

2.2.5.3.3 Effects of Height of Heat Source (z ) on Predicted Heights of
Cloud Rise
Figure 2-9 shows the variations of transition height (z]) and
maximum height (zm) as a function of z, the height of heat source. It
is evident that both z, and z, are sensitive to change in z,. For example,
when z, = 10 m, the computed z, is about 740 m. When z_ is increased to

o

50 meters, z_ is computed to be about 1540 meters. It is interesting to

m
note that z, does not affect z, directly in Equation (2-27) or (2-28), but
that it exerts influence on z, indirectly through variables such as W, and
ei. Hovever, the effects of z, and z, afe direct, as can be seen in
Equation (2-30).

2.2.5.3.4 Effects of Heat Source Parameter (A) on Predicted Heights of

Cloud Rise

Effects of heat source parameter (A) on predicted heights of
cloud rise are given in Table 2-11. From this table, it can be seen that
both z4 ard z, vary only slightly with A, at least for Test 19 for which
the sensitivity study was made.

2.2.5.3.5 Effects of Spreading Coefficient (c) on Predicted Heights of

Cloud Rise
Veriations of maximum height and transition height as a function
of spreading coefficient (c) ranging from 0.5 to 10.0 are tabulated in

Table 2-12.
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Figure 2-9 Variation of maximum height and transition height of exhaust
cloud as a function of height of heat source Z, Test No. 19,
Case TWF 056
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Table 2-11 Variations of maximum height (zm) and transition height (z])
of exhaust cloud as a function of heat source parameter, A,
Test No. 19, Case TWF 056

A (cm3 °K sec']) z; (meters! z, {meters)
0.9136 x 1013 487.7 ) 975.9 t
1.8272 x 10'3 487.7 978.2 1
2.7408 x 101 488.2 980.4
3.6544 x 10'° 183.6 982.7
4.5680 x 1013 489.0 | 985.0
5.4816 x 10 489.4 : 987.2

Table 2-12 Variations of maximum height (zm) and transition height (z])
of exhaust cloud as a function of spreading coefficient, c,
Test No. 16, Case TWF 056

c z4 (meters) z, (meters)
0.5 435 1018
1.0 489 985
2.0 488 976
3.9 488 375
5.0 488 974
10.0 488 974

It is clear from Table 2-1Z that both z, and z are rather insen-
sitive to changes in ¢, at least for Test 19.

2.2.6 Summary of Theoretical Study

In the theoretical study, a physical-numerical model simulating

rocket engine exhaust cloud rise and growth was derived. The model was
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used to predict the maximum height of cloud rise for twelve cases, for
which observed cloud rise data were available. Comparisons between the
computed and observed maximum heights showed that the model is useful for
prediction of exhaust cloud rise.

There are several advantages for using this model. First, this
model simulates most of the significant physical processes involved in the
rise and growth of exhaust clouds. Therefore, it has been constructed on
a sound physical basis. Second, although the simulated processes and the
differential equations describing them are rather complex and intricate,
the solutions to the equations are mostly in algebraic form and can be
easily obtained. In fact, the solutions are so straightforward that a
computer program designed to obtain the solutions can be easily handled by
those who are in need of the simulation data but sre not necessarily familiar
with the complicated processes invoived. Third, the model formulations are
very general in nature, applying to all types of buoyant clouds and various
atmospheric conditions. The general nature of the model augments its utiiity
and usefulness. Finally, in view of the lack of observation data on engine
exhaust cloud rise, the theoretical model seems to offer a better choice
over empirical prediction schemes derived on the basis of statistical anal-
yses of observation data. It is true that the validity and usefulness of
both theoretical and empirical schemes are subject to verification against
more observation data to be accumulated in the future. The chances are,
however, that empirical schemes will undergo frequent revisions and modifi-
cations in form as more observation data are being acquired in the future.
A soundly constructed theoretical model, on the other hand, will stay more
or less in its basic form, regardless of the future state of observations

available.
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It should be pointed out that engine exhaust cloud data are
rather Timited at the present time. For instance, for the twelve cases
studied there were only two groups of engine and exhaust ges data with
different initial vertical velocity and height of heat source. The heat
source strength, represented by the parameter A, varied only slightly from
case to case. More data with wide-ranged values for engine and exhaust gas
parameters are needed in the future to continue the test of the model.

The potential of usina the theoretical model for prediction of
hot plume rise from industrial stacks is worth exploring. A recent survey
showed that there were no less than thirty different stack plume rise for-
mulas available (Briggs 1969). However, among these, the empirical form:las
usually apply only to the observation data based on which the formulas were
derived; the theoretically derived formulas, on the other hand, are often
over-simplified so that they fail to account for most of the important
physical processes and atmospheric conditions. The plume rise formulas
contained in this model, although equaiiy simple in form, take most of the
physical and atmospheric processes into account. It is recommended that
these formulas be tested in stack plume rise computations.

2.3 Multivariate Statistical Analysis

2.3.1 General Background

A stepwise linear regression technique was employed to develop
statistical relationships between various dependent and independent vari-
ables involved in exhaust cloud rise and growth. Based on the regr.s-ion
analysis, predictive equations for cloud rise and growth parameters of
interest were derived. Three types of data were used in the statistical
analysis: (1) film observations of exhaust cloud rise and growth,

(2) vehicle engine data, and (3) observed meteorological conditions.
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2.3.2 Stepwise Linear Regression Technique

2.3.2.1 The Dependent and Independent Variables

This regression technique was used to relate dependent variables
to independent variables involved in two phases of cloud rise and growth.
Figure 2-10 illustrates the two phases: phase 1 is the layer from the
height of the launching pad (zo) to the transition height (z]) within which
jet effects are dominant, and phase 2 is the layer from the transition height

to the maximum height of the cloud (zm).

maximum height (4m)

phase 2
?h;sgs transition height (z])

phase 1
launching pad height (zo)

Figure 2-10 Two phases of exhaust cloud rise and growth

The dependent and independent variables used in the regression
analysis are tabulated and described in Table 2-13. It can be seen that
within each layer (phase 1, phase 2 and phase 1 plus phase 2) there are four
dependent variables and a total of eleven independent variables, eight of which
are meteorological in type and three rocket engine parameters.

2.3.2.2 Description of the Technique

A brief description of the stepwise linear regression technique
will now be given. For this technique a stipulated variable (e.g., rise
rate) called the predictand is the object of estimation. The variables
used to make thé estimation of the predictand are termed predictors. The

number of plausible predictors that could be used to estimate rise rate is
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Table 2-13 Description of dependent variables and independent variables
used in the regression analysis

Dependent Variables Description Units
Phase 1
2 height of the top of phase 1 layer, or transi-| m
tion height
dz,/dt rate of change in z; with time m/sec
A] average area of the cloud m2
dA,/dt rate of change in average cloud area with time m2/sec
Phase 2
z, depth of phase 2 layer, equal to z -2, m
dz,/dt rate of change in z, with time mésec
A2 average area of the cloud m
dA2/dt rate of change in average cloud area with time mzlsec
Phase 1 Plus Phase 2
z, depth of the total layer; i.e., maximum height| m
of cloud
dz /dt rate of change in z, with time mésec
A* average area of the cloud m
dA*/dt rate of change in average cloud area with time mz/sec
(meteorological) Phase 1, 2 and Phase 1 Plus Phase 2
T average temperature in the layer °K
u average wind speed in the layer m/sec
RH average relative humidity in the layer yd
dT/dz rate of change in temperature with °K/m
height
) average pressure in the layer mb
dp/dz rate of change in pressure with height mb/m
du/dz rate of change in wind speed with 1/sec
heigat
'y 1average density in the layer gm/cm3
(vehicle engine)
TH engine thrust 1b
D duration of firing sec
F fuel ratio 1_‘ --
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rather large. It is well known from statistical thcory that the larger

the number of predictors, the greater the "shrinkage in accuracy of esti-
mation" when the procedure is applied to actual data. This situation
imposes the practical necessity of selecting a manageable number of pre-
dictors. The stepwise regression technique makes a preferential selection
of effective predictors from a large set of possible choices. Experiments
comparing performance on independent data of estimation functions using
large numbers of predictors with those using selectively chosen subsets of
such variables have shown, as a rule, that whatever estimation accuracy
resides in the large set is almost wholly contained in the much smaller sub-
set. The objective selection of such a small subset is termed a stepwise
procedure. After the procedure has been applied, the redundant o.~ noncon-
trolling predictors are eliminated from subsequent analyses, and a multiple
regression equation is developed using only the selected predictors.

In multiple regression, the predictand, Q, is expressed as a

linear function of a number (P) of predictor variables:

Q-= Ry + Ay + AK, + Lol Apxp
where the coefficients Ap(p=0,1,...,P) are determined by least squares.
To select the first predictor, the simple linear correlation is computed
between the predictand and each predictor. Next, partial correlations
between each of the remaining predictors and the predictand (holding the
first seiected predictor constant) are examined and the predictor associated
with the best partial coefficient is then selected as a sec...d predictor.

Additional predictors are selected in a similar manner. Selection is halted

on the basis of an F-test criterion.
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2.3.2.3 Results of Regression Analysis

The stepwise regression technique was carried out for cloud rise
data both uncorrected and corrected for cloud movements away or towards the
camera. Table 2-14 shows the correlation coefficients for both data sets
between the four dependent variables for each phase and the eleven independent
variables. Note that there are two numbers in each box. The first number
is the correlation coefficient applied to the uncorrected cloud rise data,
while the second number is that for the corrected data. Also note that the
two numbers in each box are generally in close agreement.

Tables 2-15 through 2-18 present some results from the stepwise
technique for both data sets and show the order of selection of each inde-
pendent variable and the corresponding reduction in variance for each phase
and each dependent variable. Again note that analysis results for corrected
and uncorrected data sets are very similar.

It should be pointed out that the stepwise regression technique
requires a "stopping rule" so that not all variables will ultimately be
selected. The stopping rule states that variabies will continually be
selected and reduction in variance computed until the level of significance
determined by the "F ratio" drops below 90 perceni. Computed results in
Tables 2-15 through 2-18 show that in all cases the variable TH (thrust)
was selected. Furthermore, Table 2-14 shows that in most cases -i- rorre-
lation coefficient for this variable is quite high (especigaly in :the rates
of change in height and area). Thus, for an order of magnitude ir prediction
of rate change of height and area, knowledge of thrust seems to be indispens-

able.
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Table 2-15 Stepwise regression results, height

Corrected Data

Dependent Variable

r— g - e m—

Zy z, ﬁ&
Order Reduction Reduction Reduction
of Variable in Variable in Variable in
Selection| Selected [Variance | Selected |Variance | Selected |Variance
] dp/dz 0.67 dT/dz 0.47 P 0.81
2 RH 0.80 P 0.74 T 0.89
3 'y 0.87 TH 0.85 TH n.93
| 4 TH 0.90 | D 0.97
Uncor;;cted Data
Dependent Variable
z Z, %m,

Order Reduction Reduction Reduction
of Variable in Variable in Variable in
Selection] Selected |Variance | Selerted |Variance | Selected |Variance
1 dp/dz 0.67 | dT/dz 0.49 D 0.81
2 RH 0.81 i TH 0.81 TH 0.90
I’ 0.89 l ) 092 |  dT/dz | 0.95
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Table 2-16 Stepwise regression results, change in height

Corrected Data '
Dependent Variable
dz]/dt dzzldt dzm/dt
l T
Order | Reduction Reduction Reduction
of Variable in Variable in Variable in
Selection | Selected| Variance | Selected] Variance | Selected] Variance
TH 0.95 TH 0.85 TH 0.85
| dT/dz 0.97 - 0.95 o 0.97
du/dz 0.97 du/dz 0.99 i
Uncorrected Data
Dependent Variable
dz]/dt dzzldt dzm/dt |
Order Reduction Reduction Reduction;
of Variable in Variable in Variable in '
Selection | Selected| Variance | Selected] Variance | Selected] Variance
1 TH 0.95 TH 0.87 TH 0.85
2 dT/dz 0.97 hy 0.96 ‘ 0.96
3 du/dz du/dz 0.98
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Table 2-17 Stepwise regression results, area

- -

Corrected Data
Dependent Variable
A] A2 A*

Order Reduction Reduction Reduction
of Variable in Variable in Variable in
Selection |{Selected ]Variance | Selected| Variance | Selected | Variance
1 TH 0.63 TH 0.59 TH 0.54
2 dp/dz 0.82 D 0.81 D 0.81
3 dT/dz 0.91 P 0.93 P 0.95

Uncorrected Data
Dependent Variable
A] A2 A*

Order Reduction Reduction Reduction
of Variable in Variable in Variable in
Selection |Selected {Variance | Selected| Variance | Selected | Variance
1 TH 0.60 TH 0.68 TH 0.63
2 dp/dz 0.80 D 0.84 D 0.83
dT/dz 0.88 P 0.92 P 0.95
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Table 2-18 Stepwise regression results, rate of change in area

Corrected Data

Dependent Variable

dA,/dt dA,Adt f dA*/dt
Order Reduction Reduction Reduction
of Variabie in Variable in Variable in
Selection | Selectedj Variance | Selected| Variance [Selected |Variance
1 TH 0.97 TH 0.91 TH 0.93
2 RH 0.98 p 0.94 P 0.96
3 D 0.97
Uncorrected Data
Dependent Variable
dA1/dt dAZ/dt dA*/dt
Order Reduction Reduction Reduction
of Variable in Variable in Variable in
Selection | Selected] Variance | Selected] Variance |[Selected |Variance
1 TH 0.98 TH 0.94 TH 0.94
2 P 0.97
65
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2.3.3 Regression Equations

2.3.3.1 Thrust-Dominant Regression Equations

Based on the results of the regression analysis presented earlier
(Section 2.3.2.3), a series of regression equations relating time rates of
change in heights and area with engine thrust was derived. Tables 2-19
through 2-24 1ist these thrust-dominant regression equations and correspond-
ing residuals computed for ten cases. It appears that a fairly good predic-
tion of time rates of change in heights and area can be achieved using the
derived regression equations.

2.3.3.2 Regression Equations Dominated by Meteorological Variables

. It may be recalled from Table 2-6 that there are only three values
of thrust for all ten cases considered: TH = 1,504,000 1bs. for seven cases,
% TH = 1,600,000 1bs. for one case, and TH = 7,500,000 1bs. for the remaining

two cases. Consequently, the eight cases where TH had a value ranging

R Wl

from 1,504,000 to 1,600,000 1bs. were used to derive regression equations

relating dependent variables to independent variables that were meteorolog-

Pew s,

ical in nature.
Table 2-25 shows the correlation coefficients -“or both data sets
between the four dependent variables for the total (phase 1 plus phase 2)

layer and the eight meteorological variables. Again, there is gererally
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little difference between the coefficients derived for corrected and uncor-
rected data. Tables 2-26 and 2-27 list the results of the stepwise technique
for parameters in various layers and show the order of selection of each inde-
pendent variable and the corresponding reduction in variance. The "stopping
rule” was the same as that used for developing thrust-dominant regression

equations.
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Table 2-19 Phase 1 - dz]/dt (m sec '])
dz, /dt = 3.2 x 10°4(TH) + 18.0

Table of Residuals

Residuals
Case Actual Predicted (Actual-Predicted)
TWF034 21.5 22.8 - 1.3
TWFO033 23.8 22.8 1.0
TWFO31 23.3 22.8 0.5
TWFO056 24.8 22.8 2.0
TWFO37 19.5 22.3 - 3.3
THFO27 23.3 22.8 0.5
TWF026 22.3 22.8 - 0.5
No. 23 24.4 23.1 1.3
SI1C05 39.6 42.1 - 2.5
SI1C06 44.5 42.1 2.4
Table 2-20 Phase 2 - dz/dt (m sec™)
dz,/dt = 3.1 x 174(TH) + 7.1
Table of Residuals

Residuals l

Case Actual Predicted (Actual-Predicted) i

THF034 6.4 1.7 5.3 ’
TWF033 14.0 n.7 2.3
TWFO31 11.8 1.7 0.1
TWF056 17.0 n.7 5.3
TWF037 7.4 1.7 -4.3
TWFO27 13.9 n.7 § 2.2
TWF026 1.9 1.7 0.2
No. 23 12.0 12.1 -0.1
SIC05 33.0 30.4 : 2.6
SIC06 27.8 30.4 i -2.6
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Table 2-21 Phase 1 plus phase 2 - dz /dt (m sec "])
dz /dt = 3.1 x 10° (TH) + 8 9

Table of Residuals

Residuals
Case Actual Predicted (Actual-Predicted)
TWFO34 8.4 13.4 -5.0
TWFO33 15.0 13.4 1.6
TWFO31 15.8 13.4 2.4
TWF056 18.2 13.4 4.8
TWF037 8.2 13.4 -5.2
TWF027 15.1 13.4 1.7
TWF026 14.0 13.4 0.6
No. 23 13.5 13.7 -0.2
SICO05 33.8 31.7 1.1
SIC06 29.8 31.7 -1.9
Table 2-22 Phase 1 - dA,/dt (m sec 71
dAy/dt = 9.9 x 1072(TH) + 6.54 x 102
Table of Residuals
Residuals
Case Actual Predicted (Actual-Predicted)
TWF034 2045 2138 -93
TWF033 1707 2138 -431
TWFO31 1270 2138 -868
TWF056 2319 2138 281
TWF037 2320 2138 182
TWFO27 2948 2138 810
TWF026 2227 2138 89
No. 23 2370 2233 137
SIC05 8106 8059 47
SIC06 8010 8059 -49
68
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Table 2-23 Phase 2 - dAZ/dt (m2 sec '])

dA,/dt = 1.4 x 1073(TH) + 7.51 x 10°

Table of Residuals
Residuals
Case Actual Predicted (Actual-Predicted)
TWF034 1534 2862 -1328
TWFO33 3003 2862 141
TWFO31 1594 2862 -1268
TWFO56 4631 2862 1769
TWF037 3104 2862 242
TWED27 4256 2862 1394
TWF026 2414 2862 -a48
No. 23 2483 2996 -508
SICO5 10330 11270 -940
. SIC06 12220 11270 950
E Table 2-24 Phase 1 plus phase 2 - dA*/dt (m2 sec ’])
§ dA*/dt = 1.2 x 1073(TH) + 9.65 x 107
Table of Residuals
g : Reziduals
: % Case Actual Predicted (Actual-Predicted)
z TWFO34 1571 2918 -1347
TWFO33 3311 2918 393
TWFO31 1926 2918 -992
TWF056 4266 2918 1348
TWF037 3055 2918 137
TWF027 4095 2918 177
. TWF026 2429 2918 -489
No. 23 2818 3043 -225
;; SIC05 10300 10700 -400
3 SIC06 11110 10700 410
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Table 2-26 Relationships derived using regression analysis based on the

corrected data set showing order of selection and reduction
in variance , height

- o ———— i

Height
r Dependent Variable
4 2 m
Order Reduction Reduction Reduction
of Variable in Variable in Variable in
Selection | Selected |[Variance | Selected| Variance |[Selected] Variance
1 dp/dz 0.66 dT/dz 0.62 du/dz 0.28
2 RH 0.81 u 0.59
3 P 0.93 T 0.70
4 u 0.99 dp/dz 0.90
5 T 0.99
Fﬂ Rate of Change in Height
Dependent Variable
dz]/dt dzzldt dzm/dt
Order Reduction Reduction Reduction
of Variable in Variable in Variable in
Selection { Selected |Variance | Selected| Variance |Selected| Variance
1 P 0.58 6 0.74 5 0.82
2 du/dz 0.88 du/dz 0.90
3 RH 0.96 dT/dz 0.98
4 dT/dz 0.99
7
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Table 2-27 Relationships derived using regression analysis based on the
corrected data set showing order of selection and reduction
in variance, area

Area
Dependent Variable
*
A] Az A
Order Recuction Reduction Reduction
of Variable in Variable in Variable in
Selection [Selected| Variance |[Selected| Variance | Selected| Variance
1 dp/dz 0.5 No Significant u 0.52
2 dT/dz 0.76 Relationships dT/dz 0.68
3 dp/dz 0.88
Ckange in Area
Dependent Variable
dA]/dt dAzldt 2A*/dt
Order Reduction Reduction Reduction
of Varizble in Variable in Variable in
Selection |[Selected| Variance !Selected| Variance | Selected| Variance
1 No Significant D 0.52 P 0.52
Relationships

Based on the results of analysis, predictive equations relating

dependent variables with independent variables of a meteorological nature

were derived.

puted for all eight cases are tabulated in Tables 2-28 through 2-37.

The predictive equations and corresponding residuals com-

The

actual values of dependent variables used in residual computations are

observed cloud data corrected for cloud movements away or toward the camera.
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Table 2-28 Predictive equation with corresponding table of residuals for
dependent variable z, (m)

zy = -3.05 x 103 dp/dz + 1.78 x 10

4 —
8]

-5.65x10 p
7.5 x 107V T +2.12 x 102 T - 6.67 x 10
Table of Residuals
Case Actual Predicted Residual
TWF0O26 201 206 -5
TWF027 210 217 -7
TWF031 303 279 24
TWF033 119 158 -39
TWF034 151 123 28
TWF037 137 157 -20
TWFOS6 222 231 -9
No. 23 71 141 -30

Table 2-29 predictive equation with corresponding table of residuals f
dependent variable z, (m)

z, = -3.39 x 10* uT/dz + 3.87 x 10%

Table of Residuals
Case Actual Predicted Residual
TWFO26 597 651 -54
TWF027 890 668 222
TWFO31 284 600 -316
TWF033 617 491 126 ;
TWF034 670 709 -39 Z
TWF037 789 685 104 i
TWFO56 817 739 78 :
io. 23 601 N9 -118 :
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Table 2-30 Predictive equation with corresponding table of residuals for
dependent variable z_ (m)

27]x105dp/dz+176x102u-461xlO du/dz
1.23x 102 T + 6.59 x 10

Table of Residuals
o . - <—tee _
Case Actual Predicted Residual
TWF026 798 786 12
TWF027 1100 1055 45
TWF031 587 638 -51
TWFQ32 736 721 15
THFO34 821 904 -83
TWF037 926 887 39
TWF056 1039 1061 =22
ilo. 23 772 724 48 ,

Table 2-31 Predictive equation with correspoqd1ng table of residuals for
dependent variable dz;/dt (m sec

dz,/dt = -2.55 x 10715+ 2.75 x 102

Table of Residuals
Case Actual Predicted Residual
TWF026 22.3 23.9 -1.6 !
TWFO27 23.3 23.4 -0.1 i
TWFO31 23.3 23.2 0.1
TWFO33 23.8 22.5 1.3
TWF34 21.5 22.0 -0.5
TWF037 19.5 22.8 -3.3
TWF056 24.8 24,7 0.1
No. 23 24.4 22.3 2.1
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Table 2-32 Predictive equation with correspondlmg table of residuals for
dependent variable dz /dt (m sec

dz,/dt = -3.39 x 102 o+ 2.50 x 10% du/dz + 1.78 x 102 RH
-2.15 x 10% d1/dz + 1.17 x 102
Table of Residuals

Case 1 Actual Predicted Residual
TWFO26 1.8 12.6 -0.7
TWFO27 13.9 13.6 0.3
TMFO31 11.8 15.1 -3.3
TWFO33 14.0 1.9 2.1
TWNFO34 6.4 8.1 1.7
THFO37 7.4 7.4 0
TWFO56 17.0 15.1 1.9
No. 23 12.0 10.6 1.4

Table 2-33 Predictive equation with correspondlng table of residuals for
dependent variable dz /dt {m sec -

dzm/dt = -40 p + 95.9 du/dz + 19.7 dT/dz + 13.5

Table of Residuals
Case Actual Predicted Residual
TWF026 14.0 15.7 -1.7
TWF027 15.1 15.1 c
TWFO31 15.8 17.2 -1.4
TWF033 15.0 13.6 1.4
TWF034 8.4 9.0 -G.6
TWFO37 8.2 8.7 -G 5
TWF056 18.2 16.5 i.7
No. 23 13.5 12.2 1.3
75
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Table 2-34 Predictive equation with corresponding table of residuals for
dependent variable A, (m2)
) 4

A, = 4.63 x 10° dp/dz - 3.73 x 10° dT/dz + 5 96 x 10

Table of Residuals
Case Actual Predicted Residual
TWF026 10022 9363 659
TWF027 13265 11927 1338
TWFO31 16510 14485 2025
TWF033 4269 7228 ~2959
TWF034 7157 8402 ~1245
TWFO37 8120 6075 2045
TWF056 10436 13418 ~2982
No. 23 8261 7137 1124

Table 2-35 Predictive equation with_corresponding table of residuals for
dependent variable A* (m<)

A = -7 13 x 104 u-7.72x 106 dT/dz + 5.53 x 106 dp/dz
+¢.81 x 10°
Table of Residuals
Case Actual Predicted Residuai
TWF026 74095 99729 -24634
TWFQ27 149475 U696 58779
TWFO31 35640 92123 -56483
TWFO33 78355 52486 25869
TWFO34 76205 71151 5054
TWFG37 17265 37897 -20632
TWFO56 121600 103108 18492
No. 23 70470 75910 -5440
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Table 2-36 Predictive equation with correspon
dependent variable ’Q /dt (me sec™

dAZIdt

-1.37 x 10° p+131x105

?1ng table of residuals for

Table of Residuals

Case Actual Predicted Residual
TWF026 2414 3271 -857
TWF027 4256 3079 1176
TWFO31 1594 2847 -1253
TWF033 3003 2628 375
TWF034 1534 2737 -1203
TWFQ37 3104 2080 1024
TWFO56 4631 3696 935
No. 23 2488 2682 ~-194

Table 2-37 Predictive equation with ¢

dependent variable dA*/dt
dA*/dt = -9.28 x 10' 7 + 9.05 x 10%

(mEespond1ng table of residuals for

sec~1)

Table of Residuals

Case Actual Predicted Residual
TWF026 2429 3228 -799
TWFO27 4095 3089 1006
TWFO31 1926 2940 -1014
TWF033 3311 2764 547
TWF034 1571 2801 -1230
TWF037 3055 2347 708
TWF056 4266 3506 760
No. 23 2818 2792 26
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2.3.3.5 Corrected and Uncorrected Data

Two sets of cloud observation data were available for use in the
multivariate regression analysis. One set consisted of those data uncor-
rected for cloud movements away or toward the camera while the other set
included those data for which such corrections had been made. An analysis
was then carried out to see whether different regression equations should
be derived for corrected and uncorrected data.

The first step of the analysis was to compute a series of standard
deviations for the dependent parameters. Take, for the present time, z,
for example. A series of standard deviations was computed as follows: Ips
the standard deviation for corrected z,5 og» the standard deviation for
uncorrected Zn3 and ope the standard deviation for the difference between
corrected and uncorrected z - The computed standard deviations for all ten
cases are listed in the first half of Table 2-38. The computational results
show that there is only a slight difference between p (206) and og (195),
and that 9 (37.6) is much smaller than either Gp OF 7p. This indicates
that statistically there is very little difference between the corrected
and uncorrected Zos at least for the ten cases analyzed.

The same analysis was carried out for dzm/dt, the time rate of
change of z,- The computed standard deviations are listed in the second
half of Table 2-38. The computational results again show that there is
little dirference between o, (8.3) and g (8.2), and that op (0.49) is much
smaller than either op OF op. Again, the indication is that statistically
there is only a slight difference between the corrected and uncorrected
data of dzmidt. This analysis was later extended to cover all other
dependent variables as well. Results show invariably that statistically

there is very little difference between the corrected and uncorrected data.
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Table 2-38 Computed standard deviations for both uncorrected and corrected
data and their difference for z, and dzm/dt

z (m) dz_/dt (m sec"1)

Case Corrected| Uncorrected|Di fference| Corrected| Uncorrected| Di fference
TWF034 821 743 78 8.4 7.6 0.8
TWF033 736 717 19 15.0 14.6 0.4
TWFO31 587 563 24 15.8 15.2 0.6
TWF056 1039 974 65 18.2 17.0 1.2
TWFO37 926 827 99 8.2 7.3 c.9
TWF027 1100 1037 63 15.1 14.0 1.1
TWF026 798 799 -1 14.0 13.1 0.9
No. 23 772 786 -14 13.5 13.8 -0.3
SIC05 1254 1197 57 33.8 32.3 1.5
SIC06 1105 1098 7 29.8 29.4 0.4

pLandard 1oy = 206 | 55 =195 | op = 37.6{0y = 8.3 | o = 8.2 oy = 0.49

Conclusions drawn from the preceding analysis, that there is little
difference statistically between the corrected and uncorrected data of cloud
parameters, were supported by comparisons of correlation coefficients tabu-
lated in Table 2-14., It may be recalled that for each pair of dependent
and independent variables, the correlation coefficients computed for cor-
rected and uncorrected data were generally in ciose agreement. Consequently,
regression equations ware developed for and verified against corrected data

only.
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2.3.4 Summary of Multivariate Statistical Analysis

Muitivariate regression analysis was carried out to correlate
the dependent variables such as observed cloud heights and areas and their
time rates of change with the independent variables such as vehicle engine
parameters and meteorological variables.

Two types of regression equations were derived: (1) thrust-
dominated regression equations, and (2) regression equations dominated by
meteorological variables. Both tvres of equations were employed to yield
predictions of cloud parameters. 7he predicted cloud parameters were then
compared with those actually ch. rved. Jesults of the comparisons are
represented by the residual values betwecn - - predicted and the observed
parameters computed for all cases available from observations.

Results of the comparisons show that, generally speaking, cloud
heights and their rates of change with time can be adequately predicted with
either type of regression equation and predictions of cloud areas and their
rates of change with time are less satisfactory. However, it should be recog-
nized that the number of data samples available to the analysis was limited,
and that the derivation of regression equations was based on a 1imited number
of data samples only.

2.4 Conclusions and Recommendations

2.4.1 Summary

In Section 7.1, a new and unique body of data on hot plume rise
has been evolved, based on information generated by the George C. Marshall
Space Flight Center in the course of its test firings of large rocket
engines. Since other information in the field of hot plume rise charac-

terizes plume rises from industrial stacks with relatively low temperatures
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and velocities, these data are unique in this field because they represent
unusually high values of exhaust temperature and exit velocity. While the
data have been employed extensively in the present study (both the theoret-
ical and the empirical studies), their potential has by no means been
exhausted, and investigators studying plume behavior from any source now
have available and should use this fund of information.

2.4.2 Theoretical Treatment

The theory developed in Section 2.2 represents an expansion of
concepts beyond that previously considered for hot plume rise from indus-
trial stacks in order to allow for the extremes of exit velocity and temper-
ature involved in the basic experimental data. As a result, the theory is
applicable not only to this case, but also represents a more powerful ar-
explicit treatment of the stack case and should be given attention in that
field.

2.4.3 Statistical Treatment

The empirical treatment described in Section 2.3 was undertaken,
both as an exploratory move to seek out significant parametric depeidencies
implicit in the data and to provide insurance that predictive methodologies,
of some sort, could be generated in the event that the theoretical develop-
ment was unable to adequately describe this unusual case. Since, however,
the theoretical development was so successful, the statistical treatment
has thus assumed a secondary role contributing primarily in the vein of
identification of the significant parameters and providing predictions of
some of the dependent variables to which the theory has not yet been

applied.
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2.4.4 Conclusions

From the Task I study, it is concluded that:

A new body of hot plume rise data has been generated which
extends into the realm of high temperatures and velocities
not heretofore available;

theoretical developments have been evolved which extend the
capability of previous theoretical and empirical models for
hot plume rise from industrial stacks to cover the high
velocities and temperatures of rocket engine exhausts and
also strengthen the stack's predictive capability; and

empirical statistical analyses have been carried out which
have identified significant controlling parameters in the
hot plume rise.

2.4.5 Recommendations

That the theoretical development be employed as the predicted
model for the rise and growth of hot plumes from rocket engine
exhausts, both for the prediction per se, and for application
into diffusion and deposition expressions, as required for
future rocket fuel program planning;

that this model be made available for use by the scientific
community concerned with hot plume rise from industrial stacks
(primarily air pollution meteorologists) as a significant
improvement in the state-of-the-art;

that detailed meteorological data (such as wind, temperature,
pressure, etc.) for the layer within which exhaust cloud rise
takes p*ace be used in future model calculations (heretofore,
values of meteorological parameters averaged for the layer of
cloud rise have been usedg;

that more observation data on exhaust cloud rise be accumu-

lated in the future, and that observed data with wider ranges

of engine and exhaust gas parameters, and data on water injec-
tion onto the flame deflector be used to verify both the theoret-
ical and empirical expressions for exhaust cloud rise prediction;

that consideration be given to the incorporation of the effects
of sprayed water on the exhaust cloud rise into the theoretical
model as a further refinement; and

that the new body of plume rise data generated from tire MSFC

test firings and presented in this report also be made avail-
able to the scientific community concerned with development
and validation of hot plume rise models.
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3.0 TASK II - DEBRIS FALLBACK AND FALLOUT MODEL FOR THE KSC LAUNCH AREA

3.1 Introduction

Task II of this contract addresses itself to the development of
a computerized model describing the dispersion of material originating from
nc.mal or abnormal operations in the layer bounded from 5-30 km.

The development of models for atmospheric fallback and fallout
is dependent upon the degree to which the atmospheric structur~ may be
resolved. In the past, such models were based upon relatively low resolu-
tion measurement techniques. As the state-of-the-art advances, more sophis-
ticated measurement techniques become - ilable and the existing models
become outdated. The development of the FPS-16 Radar-Jimsphere system, now
in use at the KSC complex, is such a technique. The modification and/or
development of new predictive models to match the advances of the measure-
ment technology is dependent upon the real need for hig 2r resolution models.
The development of more powerful fuels, which are of a toxic nature, for use
in NASA's propulsion systems has provided the need for the development of
more refined predictive models. Of particular interest, is the dispersion
of material after an abort at some pcint in the atmosphere.

The remainder of Section 3.0 is divided into three major parts:
model formulation, programming, and documentation. The section on model
formulation presents the equations used in the model with documentation on
their origin, meaning, and justification. The Programming Guide includes
a description of how the GEOMET formulation was incorporated with the
existing 0-5 km program* and provides step by step instructions for use. The
section on documentation of the program includes a description of required in-

puts and their calculation and program use,

* Developed by GCA for the Marsha]l Space Flight Center under Contracts
® NASH-30503" afd NAS8-2i458. - i ee e e . .
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3.2 Formulation of Models

The task of formulation has been broken down into component parts,
each of which correspond to a definite physical situation. These parts, in
turn, have been classified under the headings of diffusion models or depo-
sition models according to their nature. A diffusion model involves the
prediction of nonsettling material, while a deposition model predicts the
ground pattern resulting from the settling of material which can be assigned
a terminal velocity. The diffusion formulation involves the consideration
of environmental problems such as effects of wind speed and directional
shears on diffusion, transitions from one meteorological regime to another
and the effects of washout, as well as source problems such as the effect
of a missile's trajectory on subsequent diffusion and the effects of source
decay as a function of time. The deposition formulation considers the same
source problems and selected environmental problems. There is, however,
one fundamental difference in the formulations. The diffusion formulation
permits the investigation of the outputs as a function of time from release
while the deposition models do not have this option.

3.2.1 Diffusion Models

Before discussing individual models and their origins, it is
necessary to set up a preliminary framework. This involves the defini-
tion of the basic quantities wiich the diffusion models predict, the
system of notation used, the definition of relevant coordinate systems,
and the expianation of the model! structure and the inputs necessary to
define this structure.

The diffusion problem amounts to the prediction of concentration

and dosage fields resulting from a source characterized by a known sticngth

- D 2 4
- . =
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ana geometry. The dimensions of source strength are dependent upon the

source-geometry and are shown in Table 3-1 for future reference.

Table 3-1 Source strength dimensions

Desig- Source Strength Source Strength
Geometry nation Dimensign Notation Units
point P M QP gm
Tine L M/L Q gn/meter
area A M/L2 QA gm/meter2
volume v w3 o gn/meter>

The conceniration field is generally a function of spatial and
time coordinates with the dimensions of M/L3 and units* of gm/meter3. The
notation for <oncentration is dependent upon the source-geometry and will
be denoted by the Greek letter Chi (x) followed by an appropriate source-
geometry designation as a subscript (if no subscript appears the equa-
tion holds for all geometries). Dosage is defined as the time integral

cor.centration

D= fxdt {3-1)

(Y]

with dimensions of MT/L3 and units of gm sec/meter3. The same notation
system which applies to concentration also applies to dosage. If the upper
1imit of integration in Equation {3-1) is set to =, the dosage obtained is
termed total dosage; if t<~, the dosage obtained is termed partial dosage
and is a function of time.

The structure of the model is based upon layers which are defined

by the thermal stratification of the real atmosphere. The layer boundaries

*The units of mass in the model inputs are at tnhe cption of the user.
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are assumed to be total reflectors of the diffusing material, which corre-
spond to the inversions and stable regions found in the atmosphere.

Two coordinate systems have been used in developing the diffusion
models. The first is a grid system in which a point is given by (XG’ YG’
ZG) with the positive XG direction being east, the positive YG direction
being north and with ZG being the vertical coordinate as defined by the
right-hand ruie. The second is the standard meteorological system for dif-
fusion calculations, which is defined independently for each layer i the
5-30 km region. In any layer of this region, the origin of the system is
given by the intersection of the vehicle's trajectory with the bottom boundary
of that layer. Since the wind is not restricted to be constant with height
within a layer, the X {alongwind) direction is defined to be along the mean
wind in the layer, the Z (vertical) direction corresponds to that used in the
grid system, and the Y (lateral) direction is defined by the right-hand rule.
The wind direction (ek) and speed (Uk) at both boundaries of a layer are
required as inputs and are used to calculate the mean wind by taking a
vector average. Thus, if the additional subscripts T and B signify the top

and boundary respectively, the mean wind speed (5k) and direction (Ek) are

given by
— 17.
T = 7 (a2 + kp2) /2 (3-2)
- S}
8 = arctan [i@;'] (3-3)
where
and

>
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where k; and k, are the components of the vector sum on the Yo and XG axis
respectively. Figure 3-1 illustrates the relationship of the meteorological

coordinate system of the kth layer to the grid system.

North X

F' 3
Yo

-> East
\‘/Ek X

Figure 3-1 The relationship between the grid and meteorological! coordinate
systems

h

3.2.1.1 Inclined Line Models for the k"' Layer

3.2.1.1.1 Concentration and Dosage
These models account for the effect of the vehicle's trajectory

on the subsequent dosage and concentration fields within a specified layer.
The model for the 0-5 km region assumes that the vehicie's trajectory is
vertical. Rough data on the planned trajectories of Apollo missions indi-
cate that for 0-5 kin this assumption is justified; however, in terms of the
5-30 km region, this assumption becomes tenuous. At a height of 30 km the
vehicle is on the order of 25 km downrange. Integration of a point source
model along the trajectory within a layer was used to obtain an analytical
solution under the assumptions that the trajectory within the layer is

defined by a straight inclined line and that diffusion is a Gaussian process.
Figure 3-2 illustrates the vehicle trajectory with reference to the meteoro-

logical coordinate system.

®
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Rocket Trajectery

H = Depth of Layer Exit Point (a,b,H)

7 —> Y
//
Mean Wind e
. ~
« Entry Point NG pd
re
____________ v
X
. R . th

Figure 3-2 Rocket trajectory in k™ layer

The trajectory is defined by the rocket's exit point from the kth

Tayer and its equation is given by

—_— e B e (3'6)

where the point (a,b,H) is the exit point of the trajectory from the layer
in the meteorological system; H is, therefore, the thickness of the layer.

The required integration is given by

kl
X = L X, d2 (3-7)

where the upper limit of integration is given by

k; = (a2 + b2 + HZ)I/2 . (3-8)
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Using the assumption that diffusion is Gaussian, we may express x. as

p
- Qp T "a-kt‘x:l 2
xp - 3/2 exp - 2 o
(2r) %0%y%2 X
+ PNV )
(vertical term) (3-9)
%y
where
t = time of evaluation,
Qp = source strength,

0y 30,50, = standard deviations of cloud material in the x,y and z
y direction (see Section 3.2.1.2 for formulation), and

]

the coordinates of the receptor point in the meteorological
system.

(x,y,2)

The vertical term is derived from the assumption made about total refiection
at the layer boundaries:

*® 1 2uH+2 1 -2\2
vertical term= I exp - » (—*-;——-—7
m=C vz

-2mH+z+z; \2 1 {~2(m1)H+z; -2 2
*exp’f(—'o——'“ TexX -2
z

2(m+1)H+z, +2\2
+ exp - ]7 (—(———-)--—z—l——z-) } . (3-10)

%

o
Z

This expression is obtained by modeling each reflection by placing a virtual
point source on a vertical line through the original source. Four terms are
necessary because of the asymmetry caused by piacing the release point closer
to one boundary. The second and third terms describe subsequent reflections
(off of the upper and lower boundary respectively) resulting from the first
reflection from the upper boundary. The first and fourth terms describe

subsequent reflections (off of the upper and lower boundary respectively)

S0
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resulting from the first reflection from the lower boundary. Equation (3-10)

is a basic extension of the vertical term given by Slade (1968, p.348) for

the capping inversion and eliminates the requirement that the bottom boundary

coincide with the ground.
The integration indicated in (3-7) may be done with respect to

either X5 ¥ys Zy5 00 2 since
22 = x12 + ylz + 212. (3‘1])

The height of the point source z;, was selacted as the variable of integra-
tion. Eliminating x; and y; from (3-11) by the use of (3-6) yields

2 2 1
z=(%2-+%7+1)/2 z (3-12)

and (3-7) becomes

H
- 3-13
X £ Xp“dzl ( )
where
2 2 1

The vertical tem (3-10) mar be written more concisely by letting

w, = -2mh+z (3-15)
Wy = =W (3-16)
wy = 2(m1)H+z (3-17)
Wy = -W3 (3-18)
thus o y o A2
vertical term= I 1 exp - %— (—;——-j-) . (3-19)
m=0 j=1 z
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Placing this in (3-13) yields

Q x-u, t-nz;\? ,y-12;\%
- p ] ( k 1) ( 1)
Xy = ‘/H exp - +
L o (21[)5/ 2 { o] o

cxoyoz X y
w b 1 {2179\ .
LI exp-y (—O——J—) adz; (3-20)
m=0 j=1 z
where
n=& (3-21)
and ¢ = -ﬁ- i (3-22)

Removing constant terms and interchanging the integral and summation yields

QLu. o [H 1 X-nz;y2
X, = DR exp - [( - )
L (21*\3772 60,0, W0 j=1 Z -

y°z () X
y-121\2 [Z;-W_ .\
L2 (]
y z
where
X=X - Ukt. (3-24)

The exponent is expanded in terms of z, resulting in a second
degree polynominal. After completing the square and removing constants
from the integral we have

Q u o 4 -2 2 w.?
X = 7" ¥z eXP"*(ET“ + by -
z

(24) /2 60,0, mo j=1 o J ¢

[ev}

X

7)
x°y°z X y

1:1 exp - ( A - -)2 dzl} (3-25)
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where

2 2
pe I+ e L (3-26)
(o]
x % 9%
X LT ¥
=y Lpr dy (3-27)
X y A

By means of the substitution
21
v = (zlA - %) 272, (3-28)

The integral in (3-25) may be expressed in terms of the error function:

Q w W w.2
B U 7 SO Y- Y
(22)7/2 0,0y0, W0 j=I % % %
2.
[erf (H/';_ B) + erf (—/—_3—-)]} (3-29)
A 2 A
where
X 42
erf (x) = 3‘/: / e at. (3-30)
= %

Equation (3-29) represents the formulation for an inclined line
extending completely through the kth layer. This equation may be simpli‘ied
by removing a factor of v.57/A from the infinite series, however, (3-29;
represents the manner in which the model was programmed with the infinite
series being evaluated independertly of the nuitiplicative factor involving
QL' Equation {3-29) represents diffusion from & normal launch through the
1ayer.

Abortive launches are modeled by superposition of a line source

and a point source. In this case, the line may end anywhere in the kth layer,
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and Equation (3-29) must be modified to account for this. The upper limit
in Equation (3-23) is changed to Ha’ the height of the abort after stabiliza-
tion (no connective motion in cloud) relative to the meteorological origin

in the kth layer. Thus,

Ha <H (3-31)

and the first error function in (3-29) becomes

ere(- :; 2:) (3-32)

The formulation for dosage corresponding to an inclined 1line source

is derived in a similar manner. A straightforward apprcach is to apply

Equation (3-1):
t
D - / x dt. (3-33)
(]
To obtain an analytic solution, integrals of the form,
t
/ exp - (At + B)2 erf (c + Dt) dt (3-34)
(s

must be evaluated. Since no analytic solution of (3-34) was known to the

authors, another approach was used. This entailed rewriting (3-33) as

t M 535
D =/[ x. odz, dt. 3-35
L 0 O P

Since the variables of integration are independent, the order of integra-

tion may be interchanged. In doing this, we find

: H
: D = ] aD_ dz;. (3-36)
L A P

]
A

o
ad,
&
3.
27
;

.
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By using the same methods as those mentioned previously, Dp may be shown to be

G y-12 X-nz, -u, t-nz;
D, = ———Jz———exp-;.—(c 1) [erf( )-e‘f(’—(——k—)
2? myozuk y 2 Sy Oy

(3-37}

Even though the evalualion of {3-36) still involves integrals in
the form given in (3-34), some simplifying assumptions may now be made. If

we restrict ourselves to looking at total dosage, t-+ and

X-—J t-nz,
- erf (--'$ ) =1 (3-38)
rf g
X
and if  x/2 5 +nzp * Ut (3-39)
X"_l;kt“nZl
thar erf (——————-——-) - 1. (3-40)
/? 3
X
The evaluation of (3-36) is now straightforward and we find that
4Q r——“ (y+w,1)2
DL - [ - ] 5 ]2-(1 27 24q 2)
2nc Y uk m—-o J= 1 z y
erf([HF +G} - erf [—G-— ) (3-41)
2 F ZF
where
F2 = tos Tl,r (3-42)
y
W, .
G = z, - oy . (3-43)
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In the case of a vertical line through the layer (a=0, b=0), the
restriction given by (3-39) may be dropped because the argument of the error
function is no Tonger a function of 2, (n=0). For this special case, {3-36)

becomes DL* where

b * = 2’- [1 +erf | '"kt]] : (3-44)

°x
This iadicates, and is confirmed by numerical results, that Equation (3-41)
is too large by a factor of two when x = ikt and greater amounts when x<ﬁkt.
This suggests that better estimates of dosage for small values of x can be

obtained by multiplying (3-41) by a factor similar to that found in (3-44).

:_i-_n.i.l_] ] (3-45)

v=.5 [1 + erf [
X

The méan value theorem indicates that an appropriate factor is
given by Equation (3-45), where 0<z;<H. For the purpose of testing, the
correction,?ﬂ, was set equal to the height of the receptor. While giving
exact results for n=o0, in the more general case (nfo), the correction factor

gave anomalous values in certain special regions where the definition for

2z, was apparently not consistent with the geometry of the line scurce.

Because of this, it was not possible to incorporate the correction factor
into the operational model. Equation (3-45), however, can be used with
various estimates of z; to estimate the error in the desage in regions
where Equation (3-39) is not satisfied.

The equations for the point source to be used in conjunction
with the limited inclined source equations hava already been cited or
derived. The equatious for concentration and dosage are given by (3-9)

and (3-37). The total concentration and dcsage tor an at »rt are given by
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and
= V.
Dar = O * Dp. (3-47)

2.2.1.1.2 Source Strenyth
The variable speed of the vehicle along its trajzctory presents

the interesting problem of defining the source strength QL‘ If the engine

is operating in a steady-state mode, then QL is an inverse function of speed.

This is seen from

. _ dm _ dmde

m= 4 " dr dt constant
where m is :he mass flow rate, %%-is the speed of the vehicle along its

(3-43)

trajectory and %?-= QL' In terms of input to the model, QL must be an

average value of %%~ over the entire layer; thus

1 [ dm
Q,_-ﬁ[) T dz (3-49)

1 M m dz
Q=W f 7 v(2) (3-50)
(s
Trensforming this to the vertical coordinates of the grid system, we have

Q :lzkt.ﬁl dz (3-5%)
L Z, h »lz) ‘
B
where v(z) is the velocity of the vehicle along its trajectory and zkt and

z, are the vertical positions of the top and botton of the kth layer respec-
B
tively. It is suggested that the user calculate values of QL for each layer

by use of (3-51) {see Section 3.3.4).

3.2.1.1.3 Qutput Parameters
The output parameters for the preceding models are concentration,

peak concentration, and dosage. Peak concentration is calculated from the

model for concentration at time tp, which is calculated internally by the

program and is given by




t =X (3-52)
u

Physically, this is equivalent to saying that the peak or maximum concentra-
tion occurs when the centroid of the cloud is closest the assessment point.
Concentration can be calculated at times specified by the user. All these
outputs can be calculated at points in space specified by the user. For
detailed instructions on inputs, outputs, and program options, the reader
is referred to Sections 3.3 and the Programm®ng Guide.
. 3.2.1.2 The Calculation of o,
) The effects of velocity shear on diffusicn were first noted by

., 0. and o_ in Shear Flow
J &

Taylor (1953, 1954) for both laminar and turbulent pipe flow. .~ observed
an accelerated rate of diffusion of materiai in regions of shear and showed
. that the diffusivity needed to bring about this effect (termed effective
"§ diffusivity) was much greater than turbulent or molecular diffusivities.

Taylor estimated this effective diffusivity by imposing a constant concen-

AT

tration gradient in the direction of the mean flow and by calculating the

resulting flux of material. Aris (1956), a chemical engineer, developed

P9 § T e

another approach for the calculation of effective diffusivity called the
product moment method. Saffman (1962) applied this method to the prediction
of atmospheric diffusion in shear flows. Hogstrom (1964) and Smith (1965),
using statistical methods, have confirmed Saffman's results. More recently,
Tyldesley and Wallington (1965), Gee (1967) and Csanady (1969) have used
this method to describe the effects of shear flow on diffusion.

The concentration moment method is based on reducing the diffusion
equation to a series of simplified differential equations involving the

moments of the concentration distribution. Saffman has obtained asymptotic

,I- '. - . ° . * . L. "i .
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solutions for both bounded and unbounded flows. Following Saffman, the basic

results of this method are reviewed below. The moments of the concentration

field are defined by

em(z,t) = ] ] y" xdxdy (n>0, m>0) (3-53)
and as the notation indicates, are functions of height and time. Differen-

tial equations involving these moments are obtained from the diffusion

equation:

Tt B T T, B0 T+ B, 3 (3-50)
with boundary conditions of

3 = 0 at z=0 and H (3-55)
and X?0 aS Xow, yso (3-56)

with the assumptions that the eddy diffusivities kx, ky and kZ are
independent of x, y, and t, and that the mean wind is parallel to the ground
and a function of height only. The multiplication of (3-54) by x"ym and
integration over the xy plane results in differential equations for the
moments ©nm® If the concentration is normalized in such a way that the

source strength within a layer is unity, it follows that

]oH [:]: xdxdydz = 1. (3-57)

This allows the total variance of the cloud in the x and y directions to

be defined in terms of moments for the total cloud (enm) as follows:
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where in general

The differential equations for eo

multiplying the diffusion equation by 1,

(3-58)

(3-59)

(3-60)

o 010 and 6,5 can be found by

ing over the xy plane. This procedure in conjunction with the boundary

condition given by (3-55) results in

3900 . 2—‘ (k 3900)
3 3z Z 3z
3810 3
3t~ Y®n T
3920

with boundary conditions that

3839
Z 232z )

+ 3
BZ

=H{n=0,1, 2).

(k, =37

(3-61)

(3-62)

(3-63)

(3-64)

This system of equations with suitable initial conditions detemmines ¢_ and

y

tion is specified at time t=o0

q = flx, y, 2)
=0

100

X

o,. The initial conditions for this system are determined when concentra-

(3-65)

x and x2 respectively and integrat-



where f(x, y, z) is a function describing the initial character of the

source. From (3-65) and (3-53) it follows that

3]
no

=[ r X" f(x, y, z) dxdy. (3-66)

=0

The second step in the analysis is the specification of f(x, y, z).

In particular, this function must account for reflection from the layer

boundaries and edge effects if the source is a line. Since the system of
equations is independent of x and y, the inclination of the line source with
respect to the vertical will not enter into the solution and the assumption
of a vertical line source will not reduce the generality of the solution.

It is assumed, therefore, that the initial distribution of mass within the
cloud is uniformly distributed along a vertical 1ine. It then follows that

f(x, y, z) is given by

o 4 /:"_ 2
PRI oy X

m=0 j=1
2.
[erf [M] + erf [ B }]1 ,72]/H (3-67)
2 A /2 A !(Zn) %ysysOzs
where

Oys = standard deviation of source along x direction,
Oys = standard deviation of source along y direction,
Ops = standard deviation of source along z direction,

A= ]Iozs R

W,
B = 53—2-, and
zs

w. = see Equations (3-15) - (3-18).
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The expansion of (3-67) results in the following equation for

f(x, y, 2):
f(x, y, z) = ~—w———-exn -~ 3 [[ ] (3-68)

Ixs’ys

which indicates that a vertical line source in a bounded layer is theoret-
ically equivalent to an infinite line in an unbounded region. Using this
result, the initial conditions for the system of equations can be shown to

be

800 = 1/H (3-69)
t=
610 =0 (3'70)
t=0
g 2
920 = }X*S (3‘7])
t=0

where oxs2 is the initial variance of the cloud in the x direction.

The third and final step of the analysis is the solution of the
system of equations for the boundary and initial conditions derived above.
The logical procedure is to begin with the lower moments and work through
to the higher moments. For a constant kZ = k and the use of the finite

cosine transform, it follows that

e =
oo

2.2

:qno

E]uoo exp (-

:I'.'[-—'

where eoo is the finite cosine transform of 000 s ..,
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cos naz dz. (3-73)

. H
8 = [ 4]
00 00
0 ,t=o

Saffman suggests that for arbitrary initial conditions, ®00

asymptotically approaches the soiution given by

1
900 ~ 0 (3‘74)
and is subject to the condition that
t >> H2/2k. (3-75)

The result given by (3-74) is easily verified by letting t approach infinity
in Equation (3-72). The condition for asymptoticity stems from an analysis
of the value of the exponential term in the infinite series. While (3-75)
is a good rule of thumb, it is not applicable to the results of the present
analysis. This follows directly from the initial condition (3-69) and its
finite cosine transformation which is identically zero for all n greater

than zero. Placing this result in (3-72) yields

6 = (3-7¢)

00

| —

which is valid for all t greater than or equal to zero regardless of the
jmplications of Equation (3-75). This result, however, does not assure that
Saffman’s asymptotic solutions to (3-62) and (3-63) are valid for small t.
During the term of the contract, considerable effcrt was put forth in an
attempt to find solutions for all t using methods of the Laplace transform.
While workable with suitable assumptions about the variation of Uy and i
with height, this method requires that the inverse transform of untabulated

functions be found. In this case, use of the finite cosine transformation
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provides an easy and straightforward solution for the total cloud variance.
The method of solution and major results are outlined below:

1. Equation (3-62) is integrated over the diffusing layer and
the resulting differential equation is solved for 0;; which results in

010 = Uyt = [o 6,0 dz (3-77)
indicating that the centroid of the cloud moves with mean velocity of the
layer.

2. Equation (3-76) is substituted in (3-62), kz* is assumed to
be independent of height and the finite cosine transform is applied. The

resulting ordinary first-order differential equation is solved for the trans-
form of 619 (F_(810)), which results in
F(610) = ;,-22;;; Fc(;li . (3-78)
3. The inversion formula for the finite cosine transform is
applied to Equation (3-78) yielding a solution for 6;,:
_ut o = Fly) nuz (3-79)

10 =tk LT SR

4. The variation of u is assumed to be linear within the diffus-

ing iayer, i.e.,

Fc(u) = ﬁ§;7-[cos nr-1] (3-81)

5. Integration of (3-26) over the diffusing layer yields

de

H
20 ~ ~ —
= 23, i u o108z + 2Tt + 2 . (3-82)

- 5 3
* kZ is assumed to be equal to 10 and 10 cm2/sec for the troposphere
and stratosphere respectively.
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The integral is easily evaluated by use of (3-79), (3-80) and (3-81)

which results in

doge . _ 3 dHt e

a5 = Ut + ey nil Zn-Tye 2b i t + 2k,. (3-83)

6. Equation (3-83) is solved for 0, and the infinite series is
evaluated in terms of Bernoulli numbers by use of the identity:

Bgﬂs(zs‘] )

<

1
L 5= ——5Er— (3-84)
n=1 (2n-1) 2-6!
where B; is the third Bernoulli number. Thus,
Ut Zoun .
020 = O2p + K g + —]%-}-'—4—12‘——'(——+ bukt2 + 2k t (3-85)
t=0 z
from which it follows that (see Equation (3-58))
, a,2H2t
o =020 ik T At (3-86)
t=0
; If v = 2 + d, then by analogy we have
f ) ckZHzt
Cy = Op2 + T771.42 . + Zkyt° (3‘87)
N t=0
3
% From Equation (3-71) it follows that
20 =0,.° (3-88)
t=0
and by analogy that
: 02 = Oysz_ (3-89)
3 t=0

Equations (3-86) and (3-87) provide the basis for the treatment of the

effects of wind shear on diffusion and have been derived in the meteorological

*
had
%
i
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coordinate system. These equations may be related to the grid system by
use of the following:

-~

and ¢ = Upp Sin (ek - ekT) - up sin (ek - ekB) (3-91)

where the notation is defined in Section 3.2.1.

In practice, the term kat may be equated to the varicnce of a point

source (p°x2) by use of the k theory:
6 2 =2k t. (3-92)
In the operational model the sum given by

2 2 -
pox + Oys (3-93)

has been replaced by a single virtual point source term given by

x + x 12a
cyz = oyr?- [—-‘;—1] (3-94)
Y

where

[}

y ¥ loy,

rx,ry,rz = reference distances,

X =r [SX§]1/“ (3-95)

X = virtual distances,

x’*y’xz

Sxr*y Oz diffusion parameters,

2

source variance at time t=o0, and

2 . 2
Ixs *"ys *%zs

[}

a,B,y = power law exponents.
Analogous substitutions have been made in Equation (3-87). Since
vertical wind shear does not effect the vertical variance of the cloud, I,

is given by
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where

X + Xz B8
02 = OZY‘ ['—r-;-—] (3*96)

o.. ¥/
X r [ﬁ 8, (3-97)

Z z ozr

» a, and g in each layer

The program requires inputs of Oys? °ys

for both the line and point source formulation. The reference distances

and diffusion parameters are set within the program as follows:

r, = 100 (3-98)
ry = 20 (3-99)
r,= 20 (3-100)
O«V"’y = 3.41 (3-101)
¢ . = 1.35 (3-102)
2’z
238.57 exp (-2.5878 g) .88 < B < .909
o = (3-103)

XUy 1371.99 exp (-4.0925 g) .851 < g < .20,

8 and « are functions o¢f atmospheric stahility and =.. ne estimated from

the following relationship

where

«=g=.88 - 1.08 d—I (3-104)

d

L average temperature gradient in degrees centigrade for

dz
the kth iayer.

In the case of the inclined line source,o, . obviously cannot be

measured, but because of the mechanics of the model, it is still needed as

an input.

with source standard deviations Sy

The integration physically corresponds to moving a point source

s O

and o along the line and
Z,S

S Y,S
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summing the effects of eachk point source. In the special case of a vertical

line source, the formulation reduces to a set of equations which are independent

of S This, however, does not hold for the general case. 9 s then must
be defined in terms of Oy s and 9y .5 T-.»ough arguments of symmetry one
s ]
would expect
o5 * oy’s. (3-105)
A suitable definition would then be
o + 0
- x’S ’S -
. - 5 . (3-106)

3.2.1.3 _The Effects of Washout and Pecay

The effects or washout and decay are modeled as an exponential
damping term which indicates the expected reducticn due to these depletion
processes as a function of time :

X exp (" YDt = Yw(t-tl)) t> tI

y = (3-107)
x exp (- YlJt) t<ty
where
t = travel time of cloud in seconds,
t, = time in seconds that precipitation begins,
Yp © decay coefficient in %/sec,

t

W washout coefficient in %/sec,

]

x = expecied concentration without decay and washout, and

expected concentration w'th decay and washout.

>
"

Dosage is treated in an analogous manner using the same exponen-
tial damping term as concentration. For information regarding the specifica-
tions of the inputs required (t1’YD and vw), the reader is referred to Section
3.3.6.
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3.2.1.4 Meteorological Transition Model

In essence, this model is built upon a reapplication of the tech-
niques used in the 0-5 km model to the case of diffusion from an inclined
line snurce. The model considers the case of full transition and is thus
valid for all times after transition. Since this model approaches the
standard box model for large t, there is no need to consider a box model
separately.

The transition is characterized by a change in layer structure,
wind velocity and thermal gradient at time t*. For times after t*, the
cloud is not assumed to be adjusted to the meteorological transition. In
the following maierial, grid system coordinates will be used.

Let the points (xrk’ Yok sz) and (xi, Yi» zi) represent the

th

coordinates of the missile's entry point to the k™ layer and coordinates

of the receptor respectively.
The center of mass of the cloud at time t* is given by (xsk, ysk),
and the mean velocity in the kth layer is given by Uk and 6&. At time t¥

the layer structure changes as indicated in Fig. 3-3.

kth layer Lth layer

e o e o o o e o o

time——

-+
%

Figure 3-3 Layer structure before and after transition

The number of layers which combine to form the Lth layer is arbitrary, how-

ever, the upper and lower boundaries are required to coincide with existing
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boundaries prior to time t*. The L™ Tlayer has a mean velocity denoted by

(ﬁL, §L). Figure 3-4 shows the transition and relevant variables in the

xy plane.

Y (xsk, ’;L?_mmv

/6-[(6) yrk) (xi’ ‘yi)

» x East

Figure 3-4 Horizontal section of transition

The transition problem includes relating the (xk, yk) and (xL, yL)
coordinate systems. transforming the diffusion formulation from the k %o L

coordinate system and evaluation at specified receptor points. Since

Xg = Ekt* (3-10¢)

it follows from Fig. 3-4 that

Ysk = Ypi = Xf cos(B,) (3-109)

and

X = Ypi = XE sin(éi). (3-110)

The point (xsk’ ysk) may be thought of as being the grid system coordinates
of the origin of the meteorological coordinate system after t*. The grid

system and the L system are related by
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= - (x - xg) sin{8)) - (y - yg,) cos (EL) (3-111)
and
= (x - xg ) cos(o)) - (y - y,) () (3-112)

L4
r—
4

ZL:Z-ZBL
where zp 15 the vertical coordinate of the bottom boundary of the Lth layer.
This set of equations is used to convert the coordinates of the receptor for
use in the diffusion formulation. The cloud at time t* can be represented

in the L system by variances along the X s Y and 7 directions, which are

respectively,
ch2 = °xk2 cosz(éi - 5;) + gykz sinz(éi - 6&) (3-113)
°yL2 = 02 sinZ(EL - 5&) + cykz cosz(Ei - 8,) (3-114)
usz = °zk2 (3-115)

where °xk2’ °yk2 and °zk2 are variances of the cloud with respect to the k
system at t* and are calculated as outlined in Section 3.2.1.2.

To model the transition of the cloud at time t*, the cloud is imag-
ined to be an instantaneous source in the Lth layer with OxL® %yL° and o, Tepre-
senting the initial variances of the source. The program converts these
variances to virtual distances using the equations given in Section 3.2.1.2.
As this "new" cloud proceeds after transition, its variances are calculated
from the inputs for the new layer as befere with the substitution of t - t*
for t in Equations (3-86) and (3-87).

For the purposes of evaluation of concentration and dosage, the
new source is assumed to be a finite vertical line somewhere within the

new layer. With some modifications, the models developed in Section 3.2.1.1

m @ﬁi:ﬂﬂ;}»
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can be used. The integration indicated (3-13) now must take on the upper

and lower limits of H, and H; respectively, where H, and H; are the heights

of the upper and low2r boundaries of the kth layer relative to the base of

the Lth layer. This changes the error functions in Equation (3-29) to
H,A2-B H,A2-B

- erf
Y2 A Z A

. (3-116)

erf

For calculations after t*, X is given by
and the height of the receptor is

z=2z; - 2. (3-118)

h layer. The dosage modi fica-

The layer depth after t* is the depth of the Lt
tions are analogous, and the resulting formulation is used when the along
wind distance to the receptor is greater than xﬁ.

3.2.2 Deposition Model

The merging of the 0-5 km and 5-30 km diffusion models was

relatively simple as there was no need to provide a linkage at the inter-
face. The 5-30 km model thus runs independently of the 0-5 km model using
different inputs and computational procedures. The case of general depo-
sition is considerably more complex because the 1inkage between the two
regions is now imperqtive. it is apparent, that to predict fallout from, for
example, 10 km, one mist also be able to predict fallout in the 0-5 km region.
If two interfacing models are to be used in predicting fallout, then mass con-

tinuity must prevail at the interface. This implies that the model for the
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lower region must have provisions for dealing with the mass distributions

generated by the model for the upper region.

The present 0-5 km has no

such provision, which is a consequence of the chronology of its develop-

ment rather than its shortcomings.

Three options were available: (1) to

modify the existing 0-5 km model to accommodate the interface requirement,

(2) tc develop a new 0-30 km fallout which is independent of the existing

0-5 km model, or (.} to investigate the possibilities of extending the

0-5 km fallout model to 0-30 ka.

In consideration of the time and resources

available, the third alternative was selected as being the most promising

because it eliminates the interface problem completely.

A falling plume model is used for the prediction of fallout in

the 0-5 km region.

in the calculation of contamination density.

This permits the effects of diffusion to be included

The use of th~ same layer

structure as that used in the diffusion calculations, permits the effects of

wind shear to be included in the calculation.

While vertical 1ine sources

are simulated by placing a number of area sources at equal distances along

the line, there is no provision for inclined line sources. Thus, for the

fallout calculations in the 0-30 km region, the missile trajectory must be

simulated by a series of nonconnecting vertical line sources as illustrated

in Fig. 3-5.

Zz

Simulated Trajectory——>

K

-——Real Trajectory

\
e”///’/,)Layer Structure

X

Figure 3-5 Trajectory simulation for the fallout calculation in the

0-30 km region
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Quite clearly, this form of trajectory simulation is less desirable than
the inclined line simulation used for the diffusion calculation in the 5-30
km region; however, the mechanics of allowing for the effects of wind shear
more than make up for this arawback. The effects of density on terminal
velocity have not been included, but in the case of an abort, this can be
accounted for by adjusting the input values of terminal velocity. Tech-
nically speaking, the 0-5 km model can be applied in 5-30 km with some
minor changes in the determmination of inputs (see Section 3.3.7). For the
technical documentation regarding this model, the reader is referred to
Dumbauld et al. (1970).

3.3 Inputs for the (-30 km Model

3.3.1 Introduction

The 0-30 km model requires that the user provide inputs describing
the layer structure, missile trajectory, source strength, diffusion parameters
and the distribution of both particle size and terminal velocity. This sec-
tion is concerned with providing some criteria for the selection of meaning-
ful inputs.

3.3.2 Criteria for Layer Selection

W

- The single most important set of inputs is that which describes
the layer structure. To be meaningful, they must provide an adequate descrip-
tion of the atmospheric state and at the same time retiecct the major assump-
tions made in deriving the models which wili operate within the structure.
In terms of priority these assumptions are:

1. That there is no diffusion between layers; and

2. That the eastward and the northward components of the wind

vary linearly with height within a layer.
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The first relates to the form of the vertical term used in Equation (3-9),
while the second relates to the calculation of shear. While no physical
situation will satisfy either assumption exactly, approximate physical
analogs to these assumptions do exist. The inversion characterized by its
damping effect on vertical exchange provides a good criteria for the specifi-
cation of layer structure. The second assumption is approximately satisfied
in regions where wind speed and direction are monotonic and have single

valued inverses. Fig. 3-6 illustrates these criteria.

z z 'y
!
y
/ o
~ 7T T 77 lLayer Boundaries [ S,
\___ __\_ _ __ Layer
________ Boundaries
,/
T v and ¢
a. Thermal criteria b. Wind speed and

direction criteria
Figure 3-6 Criteria of determining layer structure

The need for the speed and direction criteria arises from the nature of the
wind shear calculation. Figure 3-7 illustrates a hypothetical case where
use of the thermal criteria above produces input values which lead to erro-

neous calculations of the effects of shear.

- Ware  orww WS et e wns mams ewe e mewm e

P SR S
e

a. Thermal structure b. Speed structure

Layer
% Boundaries

Figure 3-7 Hypothetical case showing layer structure which leads to
erroneous estimation of snear effects
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Part (a) of Figure 3-7 shows the thermal structure and part (b)
shows the profile of the along wind component of the wind., Use of the
thermal criteria yields the layer boundaries indicated. The calculation
of the shear effect requires that %g-be estimated over the layer. This is

done by Equation (3-119):
u_ -u
é_u.. = ..——__—-...c a (3"]]9)
zZ_ -2

where the subscripts indicate the point of evaluation. From the diagram,
it is obvious that this estimate is rather poor. In fact, this example
could represent the jet stream with the tropopause at point ¢, with U - Uy
bein,, on the order of 40 m/sec. In cases like this, the layer should be sub-
divided at the jet axis (region of peak velocity). It is desirable that

this division be justifiable in terms of the thermal structure (see region
of greater stability in Fig. 3-7a). If this type of a justification can

be made, the division does not necessarily have to coincide with the axis,
although it must be near it. In the case that the division cannot be

made on a thermal basis, it may be argued that the exclusion of the jet
stream and its effects is not justifiable because it is a major structural
form in the atmosphere.

The above discussion indicates that thermal criterion may be
extended to isothermal regions as well as those which fall between adia-
batic anu isothermal, as indicated in Fig. 3-8. With these two additional
criteria, the degree to which the first assumption is fulfilled becomes
less as the layer considered to create the boundaries becomes less stable.

Thus, in determining the layer structure, use inversions first, isothermal

regions second, and then if the need arises, stable regions as indicated in

b @
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Fic. 3~-8. The mechanics of the model also require that layer boundaries

coincide with the height of the tropopause and the 5 km level.

\\\ 2 yt/Adiabatic
—— e e - e Layer
] Layer R
o . Boundaries L Boundaries
\ diabatic
- T T
a. Isothermal b. Stable but less than

isothermal
Figure 3-8 Extension of layer division criterion

3.3.3 Use of Soundings

In terms of the criteria discussed above, the sounding data used
to determine the layer structure are at the users option. In specifying
the inputs for the trial case which is presented in Section 3.4, an AN/GMD-4
sounding was used. The resolution {values every 1000 feet) of these data
was found to be sufficient to break up the 0-30 km region into an excess
of twenty layers which is the 1imit of the present model. Data whicn are
more accurate and of a higher resolution, while not necessary for the model’s
operation, will most certainly improve its prediction.

3.3.4 Missile Trajectory and Source Strength

The second most important set of inputs is that wnich describes
the missile trajectory and source strength. In the trial case, three dif-
ferent methods (two graphical and one computational) of calculation of
source strength within a layer were compared. These methods stem from
the relationship given in Equation (3-47). It is necessary to have detailed

data on the trajectory which gives altitude, velocity (along the trajectory),

17 <<ﬂ:]iﬂs>
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range and azimuth angle of the vehicle. The resolution necessary is
dependent on the method of calculation used. For the graphical methods,

the resolution requirements are given in Table 3-2.

Table 3-2 Resolution requirements for graphical procedure for finding
source strength

Height Interval (m) Resolution
0 - 100 not used
100 - 1000 100 meters
1000 ~ 14000 1000 meters
14000 ~ 30000 2000 meters

For the computational procedure, a resolution of 0.5 second for
the entire trajectory is adequate, however, for small layers at great heights
tiis causes some error because the vehicle's residence time in the layer is
on the order of the resolution.

The computational procedure is a straightforward finite difference

approximatior to Equation (3-47):

dm _ o . mat .
O QL A (3-120)

where At is the residence time of the vehicle in the layer and A2 is the length
of the trajectory in the layer. The residence time cae~ be approximated from

the layer structure and the trajectory data. At may be found as follows:

(3-121}

ar = (ax2 + ay? + az2) /2

where
AX = RT coseT - RB coseB,

ay = Ry sineT - RB sineB,

18 @

Az = layer thickness,
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with
(R,8) = polar coordinates of vehicle (range, azimuth) with the
subscripts T and B indicating evaluation at the top and
bottom of the layer respectively.

For hand calculation, this method is tedious, especially when
several layers are being considered. The estimated value for QL is likely
to be erroneous when At has the same magnitude as the resolution for the
data. Interpolation will to some degree reduce this error and could
easily be incorporated into a machine program for calculation of QL’ This
method, however, requires that m be constant over the layer, and it is desir-
able that this be at the option of the user.

The graphical methods, on the other hand, are faster and allow the
user to specify m as a function of height. The fastest method is to plot
z as the ordinate and the instantaneous value of QL(%) as the abscissa on
log-log paper. The mean value of QL for the layer is estimated by taking the
value of § which corresponds to the midpoint on the curve between the two
heights which define the layer. For smail layers with short residence times,
this method will give very accurate results because as the size of the layer
decreases, the mean value of QL approaches the instantaneous value at the
center of the layer. This method is limited to layers which begir above
the 1000 meter level, and the first method must be used to calculate QL in
this region.

The third method is graphical and is intermediate in terms of
the amount of calculation necessary. This method is in essence a stepwise

numerical integration of the equation

1 2 m
Q = —— [ oy dz (3-122)

"
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which may be rewritten as

in z .
1 T vmi dn z (3-123)

Q = 5—
L 21728 Ap ZB

where g and zp are the top and bottom of the layer respectively. This
indicates that integration can be done on semilog paper by plotting z on
the logarithmic axis and mz/v(z) on the linear axis. The integral is
evaluated by a trapezoidal approximation so that

.5 MgZg W2y ]
q asz;tig- + Wz,) + W) en (z4/75) (3-124)

as indicated in Fig. 3-9.

wn z . r%ﬁ” vz s N z£
/AN /114

= vz tn zp by the shaded area.
B ]

The quantity QL(ZT-ZB) is given

Figure 3-9 Single trapezoidal approximation for graphical estimation of QL

The accuracy of this method is dependent upon the shape of the t¢n (ZT) vS.
mz/v(z) plot. In applying this method in estimating QL for the trial case,
it became apparent that the method will have the largest error in the

1 to 1000 meter region; above this, the results were acceptable. However,

if line AB in Fig. 3-9 has too much curvature to permit a linear approxi-
mation, the layer may, for the purpose of QL calculation, be broken up into
several trapezoids as indicated in Fig. 3-10. In practical use, probably not

more than two trapezoids will be needed, with one being satisfactory in

120 @
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3.3.5 Diffusion Parameters

3.3.5.1 0-5 km Region

The 0-5 km model remains unchanged from the version developed by the

GCA and is documented extensively in Dumbauld, et al. (1970) and Record, et al.
(1970). Therefore, it is recommended that users consult these documents for
instructions on the calculation of the various parameters required and for
program use.

3.3.5.2 5-30 km Region

The essential diffusion parameters in this region are the initial
standard deviations of the souwce and the lateral, alongwind, and vertical
power law exponents. The reader is referred to Section 3.2.1.2 for discus-
sion of the power law coefficients and their calculation from the average
temperature gradient in the layer. The visual diameter of the exhaust plume
Jjust after emission can be estimated by assuming that it corresponds to a
ten-fold reduction in all concentration at the plume axis (Slade 1968).

Thus,

R,
o5 = 2‘.‘%? (i = x,y) (3-125)

121 @



where
the standard deviation, and

0.
1
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3.3.6 Specification of Depletion Parameters

the radius of the plume.

As explained in Section 3.2.1.3, the required inputs for the wash-
out and decay model are t,, the time precipitation starts, and Ay and Aps the

coefficients of washout and dacay respectively.
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While it is relatively easy to predict, on a synoptic basis, the

occurrence of precipitation over a specified period, it is not possible

to predict the exact time at which the precipitation will begin.

For this

reason, it is suggested that t be assigned several values for each run in

which precipitation is predicted.

The results obtained in this fashion

will indicate the sensitivity of the diffusion and fallout patterns to t;.

Considerably more has been done in connection with the estimation

of the washout coefficient whicii is primarily a function of precipitation

type and rate.

following formulas:

It is suggested that this coefficient be estimated by the

A = %§-° Dm for gases (3-126)
W= éﬁ’ for precipitation (3-127)

where Dm is the molecular diffusivity of the gas in units of cm?/min, and

# is given in Table 3-3 for various precipitation types.

The decay coefficient Ap is dependent upon the material under

consideration and to some degree the environment.

available, and it is thought that there is no sensible decay on a time scale

of five hours, then the coefficient should be set to zerc. If the coefficient

—— . ————
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is unknown and it is thought that there is appreciable decay, then it

is suggested that a sensitivity analysis similar to that done for t;

be performed.

Table 3-3 Parameters for precipitation removal models

A Parameter Value
Particle Diameter
Precipitation (microns)
Precipitation Rate
Type (inches hr-1) Gas 5 >20

Drizzle 0.01 2.0 x 107} 0.004 0.006
Light rain 0.10 1.35 x 10-2 0.024 0.041
Moderate rairn 0.30 2.59 x 10-2 0.049 0.075
Heavy rain 0.70 3.88 x 10-2 0.070 0.106

3.3.7 Inputs for the Deposition Model

3.3.7.1 Standard Deviations of the Wind Elevation and Azimuth Angles

The parameters of major importance are the standard deviations
of the wind azimuth and elevation angles, 9, and e respectively. Measure-
ments of these parameters in the surface layer are readily available in
sufficient quantity so that they can be empirically related to wind speed
and stability. However, in the free atmosphere, estimates of these and other
diffusion-related parameters are rather difficult, if not impossible tc
obtain, and for this reason, analogous empirical studies are apparentiy non-
existent. Kao and others have contributed much to the study of the large
scale dispersion in the free atmosphere. However, these studies are gener-

ally on a much larger time scale than the present study, therefore, they do

not aid in the estimation of %4 and Og

123 <“3“1E>
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The fact that diffusion does take place in the free atmosphere
indicates that e and o, are most certainly not zero except in very stable
regions. Kellogg (1955) has observed that the mass growth of a diffusing
cloud in the free atmosphere is correlated with stability. This result

indicates that, as in the boundary laver, s_ and 7e are dependent upon

a
stability. From estimates of the vertical and horizontal diffusivities,

it can be argued that e is probably more dependent upon stabi’ity than 04

For the purposes of crude estimation, the criteria for the surface

layer can be applied to the free atmosphere, however, this is very tenuous.
Due to the extreme differences in wind speed in the surface layer and free
atmosphere, it is probably better not to use this as an indicator.

3.3.7.2 Calculation of Terminal Velocity

The usual equaticn (Koch et al. 1968) for droplet diameter as

a function of still air terminal velocity is given by

D= sz.!& + CY (3—]28)

where

D = droplet diameter, cm,

g = (2.225 x 10-2) pl-2%
glog - p) 157> 2

V = still air terminal velocity, cm/sec,

- 184
c m, cm sec,

droplet density, gm/cm3,

°
L]

s
p = density of air, gn/cm3,

g = 980 cm/sec?, and

n = viscosity of air, dyne sec/cm2.

124
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While this equation must be solved iteratively, it provides a
good means for estimating effects of density variation with height on
terminal velocity. The viscosity of air as a function of temperature is

given by the equation
n = .0001702 (1 + .00329 T + .000007 T2) dyne sec/ecm?.  (3-129)

With sounding data giving air temperature (T°C) and density as a function

of height, the numerical application of this set of equations yields terminal
velocity as a function of height and particle size. If this function is
given by v(z,D) and the burst height is given by H, then an average terminal

velocity over the layer can be found from :

v(D) = ——Tr—li————, D = particle diameter (3-130)

dz
v(z,D)
where the integral is the fall time from height H. If no abort occurs, H
should be set =qual to the vertical coordinate of the centroid of source
strength distribution. This value of H is given by

30000 30000
f zQL(z) dz f zQL(z) dz
9 =20 (3-131)

30000 .
f q (2) dz R
(V)

where Q(z) is the source strength as a function of height, m is the mass

H=

flow rate from the missile, and tR js the time required for the vehicle to
reach an altitude of 30 km. While this method of correction is approximate,
it is thought to be better than not correcting for the effects of density

variation or setting arbitrary values for H.

For a more detailed analysis of the calculation of terminal velocity

in the atmosphere, the reader is referred to Hage et al. (1966).
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3.4 Trial Case - February 7, 1966

3.4.1 Synoptic Situation and Sounding Data

Figure 3-11 illustrates the surface map for February 7, 1966.

The weather prior to this date had been dominated by the high pressure
system of f the southeastern coast of the United States. The eastward move-
ment of this system caused surface wind shifts from east to southeast. On
the synoptic scale, there was little chance of precipitation in the KSC area.
There was, however, a distinct possibility that low level convergence con-
nected with the eastward motion of the high pressure system and the subse-
quent low level advection of moist air from the south and east may have
caused localized convective storms during the afternoon of the seventh.

The sounding used to determine the layer structure was taken from
the 1815Z AN/GMD-4 rawinsonde run, ascent Number 5022. The sounding data was
converted to standard meteorological units plotted as shown in Fig. 3-12.

The temperature profile indicates that there are more than enough inversions
and first order discontinuities to pemit division of the 0-30 km region

into an excess of twenty layers. Along the vertical line corresponding to
190° are horizontal line segments indicating the layer divisions based upon
the criteria developed in Section 3.3.2. The segments at 5 and 18 kilometers
represent the mandatory divisions, corresponding to the region modeled by the
GCA and the tropopause respectively. This trial case is quite interesting
due to the presence of the jet stream (peak) at 13.4 kilometers. The
sensitivity of the model to wind shear could be tested by assuming various
layer structures which in effect neglect some or all of the wind variation
with height in this region. The layer structure and other input parameters

derived from the sounding are 1isted in Table 3-4.
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Figure 3-11 Synoptic surface map for February 7, 1966
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Table 3-4 Layer structure for test case

.wind. Thermal
Layer (mlggrs) D1r?$§1on (meigigﬁsec) G{g?;;?t 8= .88 - 1.08 %%—x 107
0 0 160 3.0
1 1828 226 7.7 -9.375 .3901
2 2743 258 8.2 2.185 .8798
3 5000 284 8.0 -6.735 .8873
4 7010 | 291 15.4 -7.958 .8886
5 7315 294 15.9 -3.608 .8839
6 9144 272 19.0 -7.983 .8886
7 10363 | 260 38.6 -3.034 .8833
8 10972 256 50.4 +3.280 .8264
9 12801 247 65.3 -3.77 .8841
10 13716 245 64.3 -7.5 .8879
1 16154 253 32.9 -3.731 .8840
12 16459 253 28.8 +3.280 .8764
13 17983 240 21.6 -2.362 .8825
14 20421 287 9.2 5.331 .8742
15 23165 156 3.0 729 .8792
16 26517 138 10.8 1.342 .8786
17 27432 140 9.2 2.187 .8776
18 29261 120 8.2 -.273 .8803
19 30175 132 8.2 4.811 .8748
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3.4.2 Trajectory Data

Both the diffusion and fallout models require inputs giving the
point of intersection of the trajectory with each layer boundary and the
source strength in each layer. The calculation of these inputs requires
that a prior knowledge of the trajectory be known. For the trial case
presented here, these data were obtained from a program listing found in
"Apollo Saturn V Post Flight Trajectory AS508," D5-15560-8, Boeing Huntsville,
June 10, 1970. Because these data satisfied the —-esolution requirements dis-
cussed in Section 3.3.4 and the program is available to NASA personnel, it
is recommended that it be used in the case studies of actual launches. The
data required for calculating the intersections and source strengths (the
time after launch of intersection, range, azimuth angle and speed along the
trajectory) are listed in Table 3-5. The x and y gria system coordinates
of the points of intersection are calculated from the range (R) and azimuth
angles by Equation (3-132) and (3-133) (see Table 3-6 for tabulated values

for trial case):

x = R sins (3-132)

R coso . (3-133)

L}

y

The calculation of source strength, as discussed in Sections
3.2.1.1 (briefly) and 3.3.4 (in full detail) requires a knowledge of the
mass flow rate (m) for the vehicle as a function of time or height. Since
no data on this variation were immediately available, a steady state was
assumed. The 5-1C stage of the Saturn V contains five F-1 engines with
a mass flow rate of 3 x 105 1b/min yielding an m for the vehicle of 25,000
1bs/sec. The graphical methods require the preparation of plots of in

(m/v(z)) vs. an(z) and an(z) vs. mz/v{z) for the first and second graphical

130 @



Table 3-5 Trajectory data corresponding to layer intersections

Time Speed Along
after Launch Range Azimuth T..ajectory
Layer (sec) (m? (°) (m/s)
1 36.5 98.7 79.1 114.9
2 43.5 263.8 75.3 150.3
3 56.5 949.6 73.6 230
4 64.5 1853.6 73.2 298
5 65.5 1989.8 73.2 307
6 7.5 2871.1 73.1 365
7 75.5 3779.4 72.99 405
8 77.5 4243.7 72.96 424
9 82.0 5438.1 72.91 467
B 10 8.5 6197.6 72.88 513
. 1 90.5 8330.6 72.83 589
- 12 91.0 8529.5 72.82 604
) 13 9.5 9797.6 72.80 653
: 14 9.0 12479.8 72.75 733
E 15 104.5 15363.7 72.70 829
: 16 110.5 19447.2 72.64 945
' 17 112.0 20582.4 72.6 946 ;
18 115.0 22998.4 72.6 |
19 116.5 24281.4 72.6 5 {
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Table 3-6 Coordinates of intersection of layer boundaries and trajectory

in grid system

——

Grid System Coordinates of Intersection (m)‘j _._j
Layer X i y z
1 96.9 18.7 1828 N
2 ¢55.2 66.9 2743
3 911.0 269.0 5000
4 1774 535.% 790
5 1905 575.1 7315
6 2747 834.6 9144
7 3614 1145 10363
8 4058 1240 10972
9 5102 1570 12801
10 5924 L 1s2 1371
11 7958 2463 16154
12 8148 2522 16459
13 9359 28¢7 17983
14 11921 3690 20421
15 14668 4569 23165
16 18557 5815 26517 '
17 19641 6155 27432
18 21946 6877 29261 .
19 23170 7261 076 |
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methods respectively. In the trial, since a steady state assumption is made
concerning m, it is permissible in the second case to piot in{z) vs. z/v{(z)
and pick up the multiplication later. Table 3-7 presents tabulated vaiues
for the graphs shown in Figs. 3-13 and 3-14. The data necessary for use
of the computational method and the resuiting estimate of QL , as well as the
estimates obtained from the gravhical methods, are shown in Table 3-8. These
results indicate that:
1. The computational method works best in layers with large
residence times;
2. Resolution problems in the computational method cause
anomalous estimates (see, for example, layers 12, 14 and 17
of Table 3-8);
3. Except for surface layers the results of the graphical
methods are reasonably close.
Because of its nature, the second graphical method is probably
most accurate in layers above 1000 meters and is, therefore, recommended above
the other methods.

3.5 Limitations of the Present Model and Recommendations

There are a number of areas in which more effort will undoubtedly
bring about an enhancement of the present model's predictive capability.
In order to facilitate a point by point discussion, these areas have been
categorized in terms of the nature of each limitation and its potential
solutions. Included in these discussions are recommendations as to how

the potential solutions can be implemented.
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Table 3-7 Tabulated values of m/v and z/v, as calculated from trajectory
data taken from Boeing Huntsville Report referenced in text

Time Height
after Launch above Ground m/v(z) z/v(z)
(sec) (m) {(1b/m) (sec7l)
1.5 .5 13812 .276

7.0 44.0 1745 3.07
12.0 147.0 9228 5.42
15.0 240.0 706 6.78
17.5 338.0 584 7.91
20.0 454.0 495 8.99
21.5 534.0 451 9.63
E'fﬁ 23.5 651.0 401 10.45
25.0 749.0 368.5 11.04
,_ 26.5 854.0 341.6 11.66
28.0 963.0 317 12.27
33.0 1460.0 246.6 14.46
38.0 1957.0 204.9 16.04
42.0 2477.0 175.8 17.42
45.5 2955.0 154.8 18.34
“’ 51.0 3938.0 128.0 20.16
56.0 4940.0 108.7 21.48
60.5 5968.0 94.5 22.55
64.5 6986 .0 83.8 23.41
68.0 7960.0 75.7 24.12
71.5 9014.0 68.7 24.78
! 74.5 9981.0 63.3 25.29

Continued
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Table 3-7 Tabulated values of m/v and z/v, as calculated from trajectory

data taken from Boeing Huntsville Report referenced in text

- Concluded
Time Height
after Launch above Ground m/v(z) z/v(z)
(sec) (m) (1b/m) (sec™!)
77.5 11009.0 58.5 25.74
80.0 11912.0 54.7 26.08
82.5 11851.0 51.3 26.37
85.5 14055.0 47.5 26.69
90.0 15973.0 42.42 27.11
94.5 18044.0 38.02 27.44
98.5 20009.C 34.6 27.66
102.5 22090.0 31.5 27.82
106.0 24005.90 29.1 27.92
109.5 26007.0 26.9 27.98
, 113.0 28095.0 24.9 28.01
i 116.0 29953.0 23.4 28.00
135
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Figure 3-13 Plot for first graphical procedure for estimation of QL
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Table 3-8 Calculation of source strength

Computational
Length . MetEOd. i Graphical Methods
of Trajectory Residence _ T
in Layer a2 Time (Ry) O First | Second
Layer (mf (sec) {1b/m) Q Q
1 1830 36.5 498.6 465 896.4
2 929.8 7 188.2 185 186.8
3 2359 12.5 132.5 135 131.3
4 2203 8.5 96.5 95 94.3
5 33t 1.0 74.9 82 82.2
6 2030 6.0 73.9 74 74.3
_ 7 1520 4.0 65.8 64 64.8
8 765 2.0 65.4 60 60.0
| 9 2132 4.5 52.8 55 54.9
10 1256 2.5 49.8 51 50.0
1 3239 6.0 46.3 a7 44.3
12 364 5 34.3 45 4.6
13 1982 3.5 “1 . el 39.7
14 3624 4.5 31.0 37 36.0
15 3987 5.5 34.5 32.5 32.0
= 16 5283 6.0 84 | 285 | 28.2
17 1459 2.5 2.8 | 26 26.0
18 3030 3.0 20.8 | 245 24.7
19 1576 1.5 23.8 ‘ 23.5 23.6
£,
%
3 138

- et e —




IR | gang s e

AR s

"‘

3.5.1 Shear

There are a number of refinements possible in the present shear
model. The most evident is the requirement for linearity in u and v
throughout a layer. It is probable that this drawback can be overcome by
running a regression analysis on u and v within a layer resulting in two
poloynomials, which can then be substituted into the syster of differential
equations for the cloud moments. The solution of the resulting equation
can probably be obtained by either Laplace or finite cosine transform tech-
niques (as previously applied). As in the -esent model, this procedure
would lead to expressions for the variances of the cloud. The application
of these variances would, however, present another pi'uu:em since with non-
linear velocity profiles there is no guarantee that the initial cloud dis-
tribution will subsequently remain Gaussian. This, of course, implies the
need for the calculation of higher moments including covariances. The
problem of finding a closed form for the resulting distribution is probably
best handled by statistical methods including a consideration of the dis-
tribution's moment-generating function.

This discussion readily leads to another potential improvement
of the present shear model. In deriving the inclined 1ine model, the
covariances or correlation coefficients in the xz and xy direction were
assumed to be zero, which will suffice as a first step in the model“nrq
process. A more exact representation of shear will probably result fron
the inclusion of a non-zero covariance. This is directly indicated by the
fact that in a shear field the cloud axes rotate.

A third element of the shear analysis regards the specification
of values for kz‘ While average values for the troposphere and stratosphere

can easily be found in the literature, little can be said about the variation
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of kz with height. However, for the results of the shear analysis to provide
an improvement over those of the k theory, kz should be specified as an ana-

lytic function of height within each layer.

3.5.2 Diffusion Parameters in the Free Atmosphere

Hand in hand with the problem of specifying kz as a function of
height, is the problem of determining a set of diffusion parameters for the
free atmosphere in terms of readily measurable quantities. As indicated
in Section 3.3.7, the application of empirical laws derived in the boundary
layer to the free atmosphere is questionable. In fact, the present criteria
for determining the power-law coefficient appears to be to some degree
insensitive to changes in stability. A greater variation in the coefficient
with temperature gradient is indicated on the grounds of both sensitivit,
and the thermal structure near the ground (intense gradients) where the
present criteria were developed. A theoretical basis for modification of
the present criteria may be possible by using statistical models of diffu-
sion. An extensive data base will be necessary to develop similar criteria
for the free atmosphere.

3.5.3 The Nature of ine Niffusion Process at the Layer Interfaces

In derivi~g the present model, the interface between layers has
been assumed to be a reflecting surface. A logical extension to this is
the consideration of partial reflection and partial diffusion through the
interface as a function of stability. The incorporation of the work done
by Hilst (1967) and Priestley (1953) would provide a starting point for
such consideration.

3.5.4 Layer Structure and Meteorological Inputs for the Faliout Model

Modifications to improve the fallout model are based upon the

use of numerical integration to determine the trajectory of the center
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of mass of area sources used to simulate the source. Specifically this
would include:

1. The addition of air density as an input;

2. The inclusion of the calculation of terminal velocity in

the program;

3. The provision for a layer structure which will allow each

point on the sounding to be used as an input; and

4. The addition of the synoptic scale vertical velocity of

the air in the region of interest to allow for air flow
along isentropic surfaces.

More sophisticated improvements can be made by studying the effect
of turbulence on the dispersion of the cloud as it falls. These modifica-
tions would primarily effect the calculation of the ho-~izontal cloud vari-
ances. In developin~ an operation model, tiese effects should be related
to a parameter which is easily measured, such as the thermal gradient studies
done by Csanady (1963) ard Katz (1965). These studies, concerning the effects
of turbulence on falling particlcs, are a logical starting point for this tvpe
of modification.
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APPENDIX A: CORRECTION OF THE MSFC FILM DATA

Allowance must be made for wind transport of the cloud toward
or away from the camera. The following procedure divided the total
test firing period into two regions: a region where jet effects are
dominant, i.~., \.'T>>VA where VT is the velocity of the jet and VA is
atmospheric wind velocity and a region where a-mospheric effects are
dominant, i.e., VT==0.

Region 1: VT\}VA

Figure A-1 illustrates the geometry of the conditions that exist when
jet =ffects are dominant. The equations for 1in D and CED are given

in equations {A-1) and (A-2) respectively.

coz e siz e taﬁ « (A-1)
where

X = horizontal distance (meters)
Y = distance cloud moves toward or away from

camera plane (meters)
Z = vertical distance (meters)
a = deflector angle measured from horizontal (degrees)
8 = 90-8 = azimuth angle measured from true north (degrees)

Xm, Zm = the converted coordinate data measured by

analyzer.

L = distance from camera to test stand (meters)
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where

« = deflector angle measured from the horizontal
5 = 27u-(azimuth angle measured from the north)
A = cloud origination point

¢ = camera position

= point of interest on cloud

[ 4]
[

E = point of interest as measured by analyzer

-<
"

distance cloud moves toward or away from camera plane.

Figure A-1 Geometry of ~onditions that exist when jet effects are dominant
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If Xm and meere krown

terms of Y in (A-1) yields

Y cot ¢

"

Y tan ¢/sin g,

terms of Y in (A-2) yields

. m

=T 7 Xm
ZY

= _m_

= 1T ¢ Zm

(A-3)

(A-4)

(A-5)

(A-6)

precisely, then (A-3), (A-4), (A-5) and (A-6)

could be solved simultaneously for Y which could be used to correct the

data. However, since they are not known exactly (differing by a axm and

éZm, respectively), 1inas AD and CED may not intersect. In the XZ plane

the distance between these lines is given by equation (A-7).

B = ((Ycotg -

— -

L

Xy
m X )2 + (Y tan ofsin o -

il

L

y
2.2 /2 (a-7)

1~ the case that lines AD and CED do not intersect, the value

of Y fur which B is minimized is uscd to calculate the correction factor.

This value is found by setting the derivative of B (with respect to Y)

equal to zero and solving for Y.

Y
where

k
and

c

ka + ch

k2 + ¢?

n

cot o -xm/L

[}

tan o/sin 6 -Zm/L.
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This procedure yields:

(A-8)

(A-9)

(A-10)
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Substituting this value of Y into (A-2), one obtains the “real" coordi-
nates XR and ZR’ where XR is the corrected horizontal distance as mea-

sured from the firing point in meters and ZR is the corrected vertical

distance as measured from the firing point in meters. The comparison
of the results from (A-1) and (A-2) yields an estimate of the error
in Y.
Representative values of Xm and Zm’ taken from Case TWF 037
for a time after firing equal to three seconds, were used to check the
above procedure. Reader 1 had values of 133.12 m and 91.20 m for Xm
and Zm respectively, while reader 2 had values of 117.25 m and 81.68 m.
These were averaged to yield X;'= 125.18 m and 2;'= 86.43 m. Using equa-
tion (A-8) for & = 48° and « = 30° one obtains Y = 112.13 m. Substituting
this value into (A-3) and (A-4) yields X. = 124.53 m and Z; = 96.75 m;
: substitution into (A-5) and (A-6) yields X, = 128.59 m and Z, = 88.76 m.
The difference between X; and X, is -4.06 m and Z; - Z, is 7.57 m which
is well within the variability of Xm and Zm’
Region 2: vT==o

For the correction of the film data when VT*=0 an estimate of
the height where jet effects become regligible is needed. At this
height both ZR and Y will be known. It is now assumed that at any
height above ZR atmospheric winds wi.1 dominate. The data given for
each case give wind speed and direction for selected heights. It will
be assumed that there is a linear variation of wind speed and direction
between measured values. It will also be assumed that the vector wind
in a layer setween a measured height Zml and a higher measured height

Zm2 will be approximated by the vector wind at me' Using these
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assumptions, the value of Y at any measured height Zm will be given
1

by (A-11) and (A-12).

v(zmi) Vet va(zmi) (ty -t ) i>0 (A-11)
ty -t =0 i=0 (A-12)
where
Y(Zm.) = value of Y at height measured Z,

i i
time at which Y is being measured, and

s ot
-
] t

atmospheric wind velocity at height Zm .
3

For the case i = 0, the initial value of Y at Zm is used, where Zm
(1} ()

is the height where jet effects become negligible. Generally, the

time at which the height of a point on the cloud is equal to Zm » is

0
bracketed by two consecutive times, tp and tR, at which measurements are
made. In the case i = 1, the value of t, . is defined as tp where
tp < tR.
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APPENDIX B: VERIFICATION OF CORRECTION TECHNIQUE

B.1 Introduction

In lieu of having real data upon which the correction technique
can be verified, a procedure, using synthesized {and hence known) traje.-
tories was developed to test the mathematical validity of this technique.
The testing procedure may be outlined as follows:

1. Trajectories simulating thc movement of points on the cloud

were generated mathematically. These trajectories then
correspond to the "real values" discussed in Appendix A.

2. From the trajectories, values representing the film measure-

ments are generated.

3. The correcticon technique is applied to the "measured values"
; generated in step (2) to obtain e~+imates of the trajectory
¥ generated in step (1).

4. The last step involves a comparison of the "measured values"

with the "real values" as a function of the parameters used
EXS in generating the trajectory.

B.2 Accuracy Limits of the Phase 1 Correction Procedure

_.[-o.,.

K basic question of the validity of the first phase correction

is that of the uniqueness of a particular set of measured values taken from

the film analysis. A set of measured values is termed unique if it corre-
sponds to one and only one real trajectory in three-dimensional space. The
physical character of the correction problem indicates that uniqueness is
the exception rather than the rule. Consider two independent trajectories

given by radial lines extending from the origin (cloud source):
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YR = sin v cot 1 ZR Trajectory 1
ZR = Z(t)

and
XR] = C0S 8y cot us ZR]
YR] = sin 04 cot 2y ZR] Trajectory 2
Ipy = 44(t)

where
¢ = azimuth angle,
« = elevation angle, and

XR,YR,ZR = coordinates of a point on the "real" trajectory.

><
]

R cos - cot ZR

The corresponding sets of "measured values" are given by

and

L X

R
X =
m L+ YR
Trajectory 1
L ZR y
Z =
m L+ YR
‘- L XR]
ml L+ YR]
Trajectory 2
L7 a] Y
- Rl
Zm] L+Y

R}

(B-1)
(B-2)
(B-3)
(B-4)

(B-5)
{B-6)

(B-7)

(-8)

(8-9)

(B-10)

If the sets of measured values are unique and Xm and Zm are set equal to

Xt and Z . respectively, then it follows that 0, a and Z{t) must equal

81> 7 and Z](t) respectively.

e e w8 ———————— —— ]

xml = xm

Zm1 = Zm
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Zm] # 0, Zm o0, (B-13)

N

From (B-13) and the equations defining the measured values for both trajec-

tories we have

>
<

= Al (B-14)
ZR

==

From (B-14) and the equations defining the trajectories it follows that
cos 9 cot & = cos 6; cot o. (B-15)

The definition of uniqueness requires that ¢ = 04 and « = o be the only

solution of (B-15). Solving (B-15) for % yields
a = cot"](cos 6 cot a sec el). (B-16)

Since the domain of the inverse cotangent is the set of real numbers there
are no restrictions on al(for fixed 0 and o) for (B-16) to hold. This
indicates that (B-16) has an infinite number of solutions which indicates
that unique sets of measured values do not exist. Therefore the construc-
tion of an exact correction technique is not possible since uniqueness is
required for its existence.

This result indicates that an operational correction technique
must be supplemented with additional approximate information about the real
trajectory. This additional information for the first phase correction

technique takes the form of the assumption that all observed trajectories
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will be close to the jet axis. Considerirg the jet-like nature of the
plume during this phase, this assumption is a rather good approximation.
It follows that the clcser the observed trajectory is to the jet axis, the
greater the accuracy of the correction technique. The correction technique
will thus have the potential of being exact only when the observed trajec-
tory corresponds to the jet axis. It also follows that the accuracy of a
correction technique based upon this type of supplemental information is
dependent upon the spreading of the plume (and hence the trajectories).
While the calculation of the plume's spreading is tenuous, it is possibie
to use film observations to estimate the maximum angular deviation from
the jet axis. Since the error in the correction technique increases with
spreading, the use of this estimation will r-oduce maximum error. Visual
estimation from the MFSC films, indicates that the spreading is on the
order of 10 to 15 degrees about the jet axis. The verification was done
using this estimate.

B.3 Results of Phase 1 Verification

The basic assumption for the phase 1 correction is that the plume
is oriented aiong the jet axis, determined by the azimuth angle and the
firing tower's deflection elevation angle. If the trajectory of a point
follows the jet axis then it follows from the method, that the estimates of
the trajectory have no error. Since the correction is purely geometric, any
reasonable mathematical trajectory will suffice for the accuracy test. The
most meaningful parameters for the trajectory, in terms of the physical sit-
uation, are the azimuth and elevation angles of the points which form it. It
is, therefore, possible to speak in terms of maximum angular deviations from

the jet axis. Physically, this corresponds to one-half of the angular width cf
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the plume. The most convenient trajectory for analysis is a straight

line segment passing through the origin with azimuth and elevation angles
given by . and . respectively. The verification may now be run for sev-
eral trajectories with suitable estimates of : and «. Preliminary .esults
which have been obtained with the deviation set a + 10°, indicate that
the corrected value is always a better estimate than the raw uncorrected
data. The error in the corrected data increases with height except for
trajectories which coincidn with the jet axis.

Since all but one transitior height is less or equal to 220
uncorrected meters (average = 189.5j, it seems logical to set this as the
upper limit for the phase 1 trajectory. Therefore, the use of this phase
1 1imit will slightly overestimate the error for a majority of cases.

Table B-1 shows the results of the first phase verification with
a plume width of 20°, the jet axis defined by an elevation of 30° and azi-
muth of 40° for a transition height of 220 meters. For the purpose of
physical orientation, the true azimuth or compass reading may be obtained
by subtracting the azimuth reading given here from 270°. The values in
Table B-1 were obtained from each of the listed trajectories by selecting
real points with a measured vertical height closest to 220 meters. The
information in Table B-1 was subjected to an error analysis and the results
sumiarized in Table B-2. The first two columns of Tabie B-2 represent the
real correction factor and estimated corrzction factor, while the last
three columns present the percentage evror in the uncorrected data, error
in the X and Z values of the corrected values and error in the Y value of

the corrected data respectively. From Table B-2 we conclude that:
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1. While subject to error, the phase 1 corrected data is a
better estimator of the real salues than the uncorrected data.

2. The absolute error in phase 1 correction technique is most
probably not more than two percent for a plume width of 20° (this is based
on the transition height as explained above, and the fact that particles
with an azimuth of 50° are most probably on the opposite side of the plume
and thus are not 1ikely to be seen, and hence measured).

3. YE is seen to have a relatively large error and, while not
relevant to our study, should be dealt with cautiously in any other studies.

4. The method works best in areas where the real correction
factor is small. Implicit in this conclusion is the basic criterion for
the success of this method; that the deviation of the plume from the camera
plane must be small when compared to the observation distance.

B.4 Pnase 2 Verification

Because phase 1 errors are carried over into the phase 2 caorrec-
tion, the realistic verification of the phase 2 technique must include an
analysis of the effects of phase 1 errors. This was accomplished by treat-
ing the phase 1 and phase 2 verification as a single mathematical investiga-
tion. In the testing, time was used as the independent variable. This
required rewriting the phase 1 pregram which used height as the indeperd-
ent variable. To do this, the additional input of vertical veloci:y
of the point along a trajectory during phase 1 was required. Phasc 2
errors are also influenced bv errors in measurement of transition
height. The general correction technique calls for tne application
of the phase 1 procedure beluw th2 transition height and the application

of the phase 2 procedure above the transition height. An overesi’mation of

155 &



L L A

a

transition height will result in application of the phas. 1 technique in
a region where the phase 2 procedure should have been applied. The time
and coordinates «f the point as it reaches the transitica height are used
as an input to the phase 2 procedure. In essence, the phase 2 technique
uses a numerical integration of the horizontal wird as a function of height
tu the trajectory of a point. The transitici and phase 1 errors may ce
thought to be errors in the initial conditions of the integration. The
third error considered in the phase 2 verification is the error inherent
in the numerical integration itself.

The following inputs are needed tc simulate and verify the
total correction procedure:

1. average vertical velocity during phase 1

2. average vertical velocity during phase 2 (used in numerical
integration)

. *ransition time {used to define transition point)
transition height (used to estimate transition peint)

. the azimuth angle for the jet axis

3

4

5

6. the elevation angle for the jet axis

7. the azimuth angle for the phase 1 trajectory
8. the elevation angle for the phase 1 trajectory
9

. the horizonta. velocity profile ii: terms of u and v as a
function of height (used in numerical integration)

Quite clearly, the combined verification is considerably more complex than
the phase 1 verification. Each of the above parameters may be varied
irdependently, leading to several different conclusions about the validity
of tie correcticn technique, depending upon which parameters are varied and

to what degree. Since guneralizing to the degree done in ihe phase 1 testing



cibtela e aBerg eidm R, s 0 .

Y

P A A

".Eld

is virtually impossible, a case study approach was adopted. This entailed
the estimation of the independent parameters from the data for each of the
ten trial cases. Specifically, the vertical velocities were calculated from
the measured data set; the velocity profiles were obtained by a pclynomial
regression analysis of sounding data. The measured transition height and
time were assumed to be good estimates of actual values. Table B-3 summa-

rizes some of the values used as inputs.

Table B-3 Inputs for the combined testing of the phase 1 and 2 correction

techniques
Average
Transition Vertical velocity Jet axis
Distance

Height| Time | Phase 1| Phase 2 to Azimuth] Elevation
Case # (mg {sec)| (m/sec)| (m/sec) camera (°) (°)
TWF026 196 9.0 21.8 11.6 4116 42 30
TWFQ27 204 9.0 22.7 13.0 4116 42 30
No. 23 172 7.0 24.6 12.3 4116 222 30
TWF037 134 7.0 19.1 7.5 4116 42 30
SICO5 220 5.0 44.0 27.7 3475 22.5 10
TWF056 217 9.0 24.1 15.8 4116 228 30
TWFO31 293 13.0 22.5 11.3 4116 42 30
TWF034 148 7.0 21.1 6.6 4116 42 30
TWFO33 118 5.0 23.6 13.6 4116 42 30
SIC05 197 5.0 39.4 31.3 3475 22.5 10
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To obtain wind data for the numerical integration, soundings for
each test were analyzed as follows:

1. Wind velocity and direction were tabulated in intervals of
100 meters to 1000 meters and intervals of 250 meters from 1000 to 2000
meters.

2. The northerly and easterly components of the wind were calcu-
lated and subjected to a regression analysis. This resulted in the genera-

tion of 5t

order polynomials in height for the wind components in each
case. This was necessary because the verification required an analytical
solution for the trajectory for each case.

Figure B-1 shows the basic flow of the general verification

program.

' é Generate analytical Generate
3 trajectory "measured" data cet

Generate phase 1
or transiticn
error

Compared corrected values with | Apply correction
values from real trajectory procedure

H
3

:

A
=
a
~

Figure B-1 Flow diagram of verification procedure

B.5 Phase 2 Results

For each case shown in Table B-3, the transition height was varied
through four values and the azimuth and elevation angles of the phase 1
trajectory were both independently varied through three values. Thus,
twenty-four hypothetical situations were looked at for each case for a total
of 240 experiments. Due to the volume of the results, only a few experiments
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The error in the phase 2 numerical integration can be assessed by
setting the phase 1 and transition errors at zero. This results in the
conclusion that this error is negligible. Table B-4 which presents both
the input and output data for case SIC06 illustrates this. Part b of the
table lists the generated or “"real” trajectory, the "measured” values, the
estimated values and the real and estimated correction factors as functions
of time after firing. In this case, the phase 2 period begins at t=5, and
any deviation of the estimated values from the generated trajectory must be
due to the numerical integration. The largest error occurs at t=37 and, for
the X and Z coordinates, amounts to about 1 in 450, which is negligible in
comparison with the inherent error of the film measurement technique. How-
ever, the error in tke Y coordinate is much larger (1 in 63).

Since the integration error is negligible, the effects of transi-
tion errors can be assessed by setting the phase 1 error to zero {accomplished
by assuming that the phase 1 trajectory is along the jet axis). The transi-
tion error is simulated by holding the transition time constant while varying
the transition height. In practice, the transition height was set to zero
and to values corresponding to + 100 meters of the transition height. It
is highly unlikely that such errors were made in the measurement of the
transition height and, therefore, these results overestimate the true error.
Tables B-5 and B-6 present the input values and results for the variation
of transition height by + 100 and - 100 meters respectively. Since the
jet axis, horizontal velocity components, and vertical velocities were not
varied, they are presented in Table B-4 only. The underestimaticn of the
transition by 100 meters (Table B-5) in terms of the correction technique

is equivalent to the assumption that the cloud is in the phase ? region
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from the time of firing. This results from the fact that the correction
technique requires that transition height be equivalent to one of the
vertical coordinates of the generated trajectory. Because the time sequence
(0, 3, 5, 7, etc.) used is discrete, the transition height is adjusted to

a height corresponding to the transition point in Table B-3 as follows:
if Zn < ZT < Zn+]

then ZTP = Zn

where Zn and Zn+] are two consecutive vertical coordinates of the generated
trajectory anc, ZT and ZTP are the transition height and point respectively.

Two major points may be drawn from Table B-5: (1) the estimated
values (with the exception of the Y coordinate) are better estimators of
the generated trajectory than the "measured" values, and (2) that the Y
estimate cannot be considered accurate and, therefore, represents a parameter
from which the X and Z estimates can be calculated (for more details of
the nature of the Y estimate see Appendix A).

Table B-6 indicates that overestimation of transition height has
considerably less impact on the error in the correction than underestimation.
The X and Z estimates are accurate to one in seven.

The error caused by deviations of the phase 1 trajectory from the
jet axis was assessed by setting the transition error to zero. In terms of
the accuracy of the estimated values, as compared to the measured values,
there exists isolated points for which the measured value is a better esti-
mator. Table B-7 gives an example of this.

The correction factor results for t=5 indicate that the measured
value is a better estimator of the generated trajectory, however, in practical

tems the error in both is the same.
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The remaining nine cases are similar, with the combined errors

of the first phase trajectory a.d transition both augmenting ard nulifying

the general error of the correction technique. In the case that the errors

augment each other, there are isolated sets of points for which the measured

values are better estimators. However, these points are a minority, and it

may be argued that the use of the estimated values increases the overall

accuracy of the data.
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Table C-1 Static engine exhaust cloud data
: Rate of
Height of | Cloud Cloud Rise
Time Cloud Rise, z | Area, A dz/dt
(sec) (m) i (né) (m sec'])
Case TWF034
3 74 4119 36.3
5 123 9946 14.0
7 151 14315 3.5
9 ; 158 16153 20.2
11 198 22650 8.2
13 215 27137 10.8
15 236 29780 14.3
17 265 34994 13.8
19 293 371173 10.2
21 313 43622 9.3
25 351 49037 8.8
29 386 57203 3.7
33 . 425 68328 6.7
37 ! 452 73022 7.6
4] | 483 77752 2.9
45 ; 495 84620 7.0
49 % 523 91134 5.9
53 546 100450 8.5
57 580 109550 8.3
6} 614 116360 8.5
65 648 125240 5.4
69 670 134930 6.9
73 6938 142940 7.3
77 727 136930 5.1
81 748 149560 2.3
85 757 149510 6.0
89 781 152970 1.6
Continued




Table C-1 Static engine exhuast cloud data - Continued

Rate of
Height of Cloud Cloud Rise
Time Cloud Rise, z Area, A dz/dt
(sec) (m) (mé) (m sec'])
Case TWF034 - Continued

93 788 150870 8.3

97 821 152410
Case TWFO33

3 78 4245 20.5

5 119 8538 9.6

7 139 14104 11.5

9 162 19279 22.7
11 207 26441 18.9
13 245 31651 16.8
15 279 31360 12.0
17 303 02748 | 8.7
19 320 49999 9.9
21 340 63295 10.3
25 382 70205 13.5
29 436 81981 16.1
33 500 87377 16.0
37 565 100450 16.2
41 630 114350 13.6
45 684 130610 12.8
49 736 150710

Case TWFO31

3 130 8956 17.7

5 166 13385 15.2

7 197 17804 20.8

9 238 22235 14.9
11 268 27758 17.4

Continued
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Table C-1

Static engine exhaust cloud data - Continued

Rate of
Height of Cloud Cloud Rise
Time Cloud Rise, z Areaé A dz/dt,
(sec) (m) | (me) (m sec ')
Case TWF031 -~ Continued
13 303 ‘ 33020 12.1
15 328 37880 12.9
17 353 45025 20.1
19 394 47232 10.4
21 415 51831 10.8
25 458 53369 10.7
29 501 59928 12.4
33 550 63729 9.7
37 587 71281
Case TWF056

3 90 | 6302 22.5

5 135 i 12658 22.0

7 179 15702 21.5

9 222 20872 13.1
11 248 27293 16.9
13 282 31223 22.9
15 328 37653 18.8
17 366 46762 21.4
19 409 55877 16.3
21 442 60379 18.4
25 515 76864 19.3
29 593 | 100120 21.3
33 678 f 121780 19.2
37 755 150320 17.4
4] 825 155620 14.2
45 882 | 181680 12.3
49 331 ! 207110 11.6

Continued
169



Table C-1 Static engine exhaust cloud data - Continued
| Rate of
Height of Cloud : Cloud Rise
Time Cloud Rise, z Area, A ' dz/dt,
(sec) (m) (m2) (m sec ')
Case TWF056 - Continued

£3 978 245830 15.2

57 103y 243200

Case TWF037
3 98 7007 10.0
5 118 11289 9.3
7 137 16241 9.6
9 156 21318 13.5
11 183 25532 17.6
13 218 29878 12.5
15 244 34925 14.0
17 272 41036 17.4
19 307 39897 7.1
_ 21 321 45649 1.0
; 25 365 53726 9.5
: 29 403 64801 6.4
: 33 429 71503 7.9
: 37 461 77830 6.1
: 4] 485 88483 9.0
45 522 99211 6.3
49 547 104080 7.8
53 578 114160 7.1
57 607 126490 10.1
61 647 141020 6.4
65 673 147100 9.7
, 69 712 158580 6.1
' 73 737 173300 4.3
1 77 754 188690 7.1
Continued
170
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Table C-1

Static engine exhaust cloud data - Continued

Rate of
Leight of Cloud Cloud Rise
Time Cloud Rise, 2z Area, A dz/dt
(sec) (m) (mé) (m sec'})
Case TLF037 - Continued
81 ] 783 204660 3.6
& l 797 217900 2.7
89 808 233010 13.5
93 863 268390 14.5
97 868 274210 6.6
101 895 298110 5.5
105 917 317780 -2.9
109 906 308540 5.1
ns3 926 345300
Case TWF027
3 nz 8556 9.0
5 135 14137 17.0
7 169 19859 20.5
9 210 26530 19.5
11 249 31463 21.1
13 291 41023 15.8
15 323 46997 11.5
17 346 48101 11.1
19 369 50948 13.1
21 395 54089 12.7
25 446 62408 15.2
29 507 1151 14.4
33 564 85750 20.0
37 644 112630 18.8
41 720 140440 13.2
45 773 151730 13.5
49 827 173220 16.4
Continued
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Table C-1

Static engine exhaust cloud data - Continued

172
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Rate of
Height of Cloud Cloud Rise
Time Cloud Rise, z Area, A dz/dt
(sec) (m) (m2) (m sec )
Case TWF027 - Continued

53 893 204040 11.7
57 940 216370 12.0
61 988 248780 13.2
65 1041 264630 8.5
69 1075 293520 6.0
73 1100 298950

Case TWF026

3 87 7149 16.5

5 120 11300 22.5

7 165 18252 18.0

9 201 20045 10.7
11 223 23517 15.7
13 254 29817 14.2
15 283 35224 18.2
17 319 40560 15.9
19 351 45958 12.9
21 377 51913 9.3
25 415 62274 11.6
29 461 68249 12.0
33 510 80283 11.7
37 557 87445 12.1
4] 605 98315 12.0
45 654 103590 8.1
49 686 110990 7.8
53 717 127300 10.3
57 759 139410 9.8
61 799 148190

Continued
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Table C-1 Static engine exhaust cloud data - Continued
Rate of
Height of Cloud Cloud Rise
Time Cloud Rise, z Area, A dz/dt
(sec) (m) (m2) (m sec |
Case No. 23
3 108 9718 12.6
5 133 13024 19.4
7 172 16826 10.0
9 192 20881 13.4
11 219 26026 23.7
13 266 29790 17.6
15 302 36736 15.2
17 332 38395 16.8
19 366 47299 20.8
21 407 51686 16.2
25 472 70319 14.7
29 531 82184 12.3
33 581 98918 9.4
37 619 116000 4.8
41 £38 121750 10.1
45 679 136360 10.1
49 719 137050 7.8
53 751 151480 8.7
57 786 148410
Case SIC05
3 84 13450 57.2
5 198 40533 32.8
7 264 63621 49.9
9 364 82264 42.9
11 450 120620 32.7
13 515 155720 36.8
15 589 186920 32.8
Continued
173
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Table C-1 Static engine exhaust cloud data -Concluded

s s e gy et A

P Mty e e

Rate of
Height of Cloud Cloud Rise
Time Cloud Rise, z Area, A dz/dt
(sec) (m) (mé) (m sec"])
Case SICO5 -~ Continued
17 654 210580 14.8
19 684 232790 27.4
21 739 246740 36.0
25 883 249920 36.9
29 1031 284270 29.9
33 1151 323870 25.8
37 1254 381300
Case SIC06
3 142 19725 40.0
5 222 40053 31.9
7 286 61394 35.8
9 358 81413 32.6
11 423 108490 24.9
13 473 134880 29.3
15 531 172420 20.2
17 572 186030 21.5
19 615 213080 31.8
21 679 234900 26.1
25 784 283380 25.5
29 886 333300 28.9
33 1001 380790 26.0
37 1105 431350
174
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Table C-2 Meteorological data, Case TWF034, 2221Z, September 10, 1964

e e ey st

Wind Wind
Height Temperature Pressure Humidity Direction Speed
(m) (=C) () | (8 | (degree) | (msec )
0 15.9 1002 43 310 3.1
100 15.1 990 39 328 4.8
200 14.3 979 36 346 6.6
300 13.3 367 38 349 6.7
400 12.3 956 42 350 6.3
500 1.1 944 46 351 6.3
600 10.2 933 49 351 6.4
700 9.3 922 52 351 6.7
800 8.6 911 55 351 6.7
900 7.8 900 59 351 6.7
1000 6.7 889 59 350 6.6
1250 4.2 862 58 343 6.3
1500 5.0 836 n 328 6.5
1750 4.5 811 11 317 7.3
2000 3.7 786 9 312 8.1
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Table C-3 Meteorological data, Case TWF033, 2306Z, August 25, 1964

Wind Wind
Height Temperature Pressure Humidity Direction Speeg]

(m (°C) (mb) (4) (degree) (m sec ')
0 22.5 1000 94 130 2.1
100 22.4 989 86 138 3.3
200 22.4 977 78 147 4.5
300 22.3 966 72 155 4.3
400 22.2 955 67 163 3.6
500 21.9 944 66 187 3.6
600 21.5 934 66 218 4.1
700 21.1 923 69 239 4.9
800 20.7 912 75 250 6.0
300 20.3 902 75 259 6.3
1000 19.9 892 74 267 6.3
1250 18.5 866 67 280 6.6
1500 17.9 841 64 285 7.0
1750 16.7 817 59 288 7.3
2000 15.3 793 55 293 7.4
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Table C-4 Meteorological data, Case TWFO31, 1729Z, August 4, 1964

e e e—— ——

[ 1 Wind Wind
Height Temperature Pressure Humidity Direction Speeg]

(m (¢c) (mb) (%) (degree) (m sec ')

0 33.1 997 60 250 3.1

100 31.6 986 54 262 3.7

200 30.1 975 49 274 4.4

300 29.0 964 53 272 4.5

400 28.1 953 55 275 4.8

500 27.3 943 58 282 5.1

600 26.3 932 59 292 5.4

700 25.7 922 61 301 5.7

800 25.7 911 61 3N 6.2

900 25.4 901 57 319 7.1

1000 25.1 891 52 326 8.0

1250 24.8 866 39 338 9.7

1500 22.7 842 4] 34 10.6

1750 20.6 818 46 348 10.6

| 2000 18.4 794 58 351 10.4
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Table C-5 Meteorological data, Case TWF056, 2000z, May 26, 1965

| Wind Wind
Height Temperature Pressure Humidity Direction Speed
(m} (°C) (mb) (%) (degree) | (m sec ')
0 31.3 991 48 210 4.6
100 29.9 980 38 207 5.1
200 28.5 969 28 204 5.7
300 27.5 958 32 207 6.0
400 26.3 947 36 297 6.4
500 25.1 937 4] 203 7.3
600 24.2 926 44 g 198 8.3
700 23.3 916 47 | 195 9.0
800 22.5 905 50 195 8.9
900 21.4 895 53 i 195 8.6
1000 20.2 884 57 s 195 8.1
1250 18.0 859 60 20 8.7
1500 15.7 834 64 206 8.9
1750 13.3 810 65 212 9.6
2000 11.6 786 73 219 11.3
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Table C-6 Meteorological data, Case TWF037, 2240Z, October 23, 1964

L m e s e owtee—— o

Wind Wind
Height Temperature Pressure Humidity Direction Speed
(mg (°c) (mb) (%) (degree) (m sec ')
0 15.2 1007 43 330 ..]
100 14.9 995 N 346 63
200 14.6 983 20 3 9.5
300 13.8 972 21 3 9.5
400 12.9 960 22 2 9.4
500 11.9 949 23 360 9.3
600 11.0 938 24 358 9.1
700 10.0 927 26 357 9.1
800 9.1 915 29 357 9.1
900 8.3 904 8 357 9.4
1000 7.6 894 23 358 9.9
1250 8.2 367 18 358 10.7
1500 7.8 an 26 355 n.o
1750 6.4 816 23 351 11.4
2000 £.5 791 22 34, 1.1
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Table C-7 Meteorological data, Case TWF027, 22547, October 7, 1964

Wind Wind

Height Temperature Pressure Humidity Direction Speed,

(m()‘ (°C) (mb) (%) (degree) (m sec ')
0 29.0 996 54 20 5.7
100 27.9 985 48 22 4.7
200 27.C 974 45 24 4.3
300 26.1 963 47 27 4.7
400 25.1 952 49 24 5.0
500 24.2 i 50 17 5.1
600 23.5 931 52 7 5.0
700 22.5 920 53 357 5.0
800 21.7 909 54 346 5.0
900 21.2 899 55 335 5.1
1000 20.4 889 58 326 5.3
1250 18.2 863 64 313 5.9
1500 16.2 838 65 3N 6.9
1750 14.3 814 64 312 8.2
2000 12.6 790 64 314 9.7
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Table C-8 Meteorological data, Case TWF026, 2219Z, September 7, 1964

Wind Wind
Height Temperature Pressure Humidity Direction Speed
(mg (°c) ‘mb) (%) (degree) | (msec ')
0 28.1 994 75 250 2.1
100 27.9 983 70 263 5.8
200 27.6 972 67 275 9.4
300 26.7 961 67 273 9.3
400 25.9 950 67 273 9.1
500 25.1 940 67 275 8.5
600 24.5 929 67 279 7.8
700 23.8 919 67 283 7.2
300 23.1 908 67 285 6.7
900 22.2 898 67 290 6.1
1000 21.4 888 66 297 5.5
1250 19.4 862 71 324 4.1
1500 17.5 838 74 330 4.6
1750 15.7 813 74 330 4.9
2000 14.2 790 67 327 5.4
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Table C-9 Meteorological data, Case No. 23, 2237Z, September 24, 1964

Wind Wind
Height Temperature Pressure Humidity Direction Speed
() (=c) () (1) | (degree) | (mwsec)

] 21.8 1001 35 300 2.1

100 21.6 989 30 309 4.9

200 21.5 978 25 319 7.7

300 20.6 967 24 323 8.4

400 19.5 955 24 323 8.5

500 18.6 944 24 320 8.2

600 17.6 933 s 315 7.9

700 16.5 923 25 310 7.6

800 15.7 912 26 308 7.9

900 14,7 901 27 305 8.0

1000 13.7 890 28 302 7.8

1250 1.1 864 28 292 6.9

1500 8.7 839 31 295 8.0

_ 1750 7.2 814 27 303 9.4
2000 7.0 789 20 310 12.8
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Table C-10 Meteorological data, Case SIC05, 2110Z, May 6, 1965

Wind Wind
Height Temperature Pressure Humidity Direction Speed
() (=C) (b) (1) | (degree) | (msec 1)
0 28.5 1002 36 210 1.5
100 26.9 990 26 177 2.7
200 25.5 I 979 54 150 4.0
300 24.6 968 55 155 5.4
400 23.7 957 57 161 6.6
500 22.7 946 58 172 6.8
600 21.7 935 59 176 8.0
700 20.9 925 61 174 9.9
800 20.0 914 62 177 10.2
; 900 19.1 904 64 182 10.4
! 1000 18.1 893 66 188 10.5
% 1250 15.6 867 70 188 12.3
} 1500 13.1 842 72 187 13.5
‘ 1750 11.0 817 70 188 15.8
2000 10.8 793 50 195 13.7
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Table C-11 Meteorological aata, Case SICO6, 19GOZ, May 20, 1965

Wind Wind
Height Temperature Pressure Humidity Direction Speed
(mg (°c) (mb) (%) (degree) (m sec ')
0 27.5 1001 59 60 3.5
100 26.4 990 63 55 3.2
200 25.4 979 67 50 2.8
300 24.3 968 69 48 3.3
400 23.3 957 70 49 4.7
500 22.3 946 71 50 6.2
600 21.3 935 70 53 6.4
700 20.3 924 70 55 6.6
800 19.4 914 69 60 6.9
900 18.8 903 66 68 7.4
1000 18.3 893 64 77 7.9
1250 17.4 867 58 108 8.9
1500 15.6 842 65 133 9.4
1750 13.7 818 63 154 9.8
! 2000 12.2 794 40 173 11.1
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APPENDIX D: METHOD OF SOLUTION TO THE CUBIC EQUATION (Equation 2-30)

DETERMINING THE TRANSITION HEIGHT OF EXHAUST CLOUD RISE

Recall the following equation for determining the transition

height of exhaust cloud rise:

1 §__§92. 1 3, 3 _ §.~ﬁ91 2y1 =
k3z]5 L 2 8,C +'3;7'(“o Z "2 8,C Zy 1 1.

This is Equation (2-30) in Section 2.2.2.1.3.

The equation will now be rewritten as

3

Now, lct.
-3 _Ag
a=3 8,C k
b =

] 3, 3 _ 3,_£ﬂ?. 2
E3'("o %" "2 8¢ Zy )

1=12z2,
1

3 1 1 3, 3 §._592_ 2 1
2 € %k 1z 7P *Lym W'z - 5 6.C 2,2 7773

1

(2-30)

(p-1)

(p-2)

(D-3)

Substitution of Equations (D-2), (D-3), and (D-4) into Equation

(D-1) will yield

Multiply both sides of Equation (D-5) and rearrange terms,

and we have:
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3 -al-b=0 (D-6)

which is a cubic equation in Z (z;2).

The solution to Equation (D-6) is well known and can be written

as
z=A+8, - 52+ A0 g AB_AB oy (D-7)

»

3 .
2 3
- V3VE -5 (0-8)
3
b 2 3 R
B PRy (0-5)

The solution of Z from Equation (D-7) will vary according to

where

the following situations:

. If b2/4 - a3/27 > 0, there will be one real root and two

i
%
.ln :Iu

conjugate imaginary roots.
If b%/4 - a3/27 = 0, there will be three real roots of which
two at least are equal.
If b2/4 - a3/27 - 0, there will be three real and unequal roots.
Gbviously, the solution we are interested in is the first

root in Equation (D-7).
Z=A+8B (D-~10)

In order to obtain (D-10),the following conditions have to be
satisfied:
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b2/4 - a3/7 > 0, in this case the real root Z = A + B
is desired.

b2/4 - a3/7 = 0, in this casgA =B, or Z =2A = 2B is
the root desired.

Combining the two relationships and writing them in terms

of real parameters, we have

~3fw 37 3. 3 _A 2y12 3 _A 3
[k™3(w 3z 3 ze_e%{ z,2)] [29—5%(7]
—_— (D-11)
4 27

v

which is identical with (2-29) in Section 2.2.2.3.
When the situation b2/4 - a3/7 = 0 arises, a further condition

has to be met in order to have solution in Z:

b>0 (D-12)
or
3 A
33,2 A0 2 D
%% 72 8C? %0 (0-13)

which, incidentally, is (2-28) in Section 2.2.2.3.

When Equation (D-11) is not satisfied under general conditions
or Equation {D-13) is not satisfied under the special situation just
described, iterative methods will have to be used to solve Equation (2-26)

numerically.
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